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i. INTRODUCTION

The performance of earth-orbiting satellites is profoundly affected by the high-energy
particle environment. At high altitudes, spacecraft charging by keV particles can produce

electrical discharges on surfaces and insulating materials that couple to satellite electron-

ics. Impact of high-energy particles can degrade electronic components, cause single event
upsets and produce internal charging. The high-energy particle environnent has been

studied for many years and static models have been constructed that specify the time-

averaged conditions in the radiation belts. These models have aided spacecraft designers
in minimizing the deleterious effects of high-energy charged particles. However, the radia-
tion belts are very dynamic, undergoing extreme variations in response to magnetospheric

and solar activity. With the coming of Air Force programs involving manned-presence in

space, with the placement of spacecraft in dynamic regions of the outer radiation belt, as
well as with the development of advanced systems that may be sensitive to the radiation

environment, the understanding and possible early warning of this dynamic activity is

critical to successful missions. Identifying the sources and sinks of high-energy electrons,

and understanding their relationship to the observed variations, are the ultimate goals for
developing a dynamic model of the radiation belts.

This final report covers a 45-month research effort, undertaken to investigate the dy-
namics of radiation-belt particle populations using an existing data base provided by the

Lockheed High Energy Particle Spectrometer (SC3) on the Space Charging AT High Al-
titude (SCATHA) satellite. This instrument has been measuring the high-energy electron
population from 47 keV to 5 MeV in the near-geosynchronous region. Because of the high

angular resolution (3' field of view) of the instrument and the radial movement of the
spacecraft over the L-shell range of 5.3 to 8.7, the measurements constitute a unique data
base that allows the interpretation of pitch-angle diffusion effects in the presence of radial

transport.

The main objective of this data analysis/interpretation effort is to set up a prototype
of the data effort that will be required in order to interpret and expand the single-point

radiation-belt measurements to be acquired by the Chemical Release and Radiation Ef-
fects Satellite (CRRES) into dynamic models of the radiation belts as a whole. The long
term goal of the CRRES program is to develop useful models of the entire radiation-belt

environment. While a static phenomenological model can be constructed without much
attention being paid to characterizing the physical basis of the model., such phenomenolog-
ical models suffer from the major drawback of not being able to characterize the dynamic

changes of the radiation-belt environment that result from natural geomagnetic activity

or from high-altitude nuclear explosions. Therefore, if the CRRES data are to be used
for predictive purposes, there is no alternative but to interpret the data first in terms of

physical phenomena and subsequently to use them as the basis for a predictive dynamical
model of the radiation-belt environment.



Such a program for CRRES is simple and effective in concept, but its implementation
is a different matter since the completeness and precision of the expected CRRES data
have not been matched by any other previous measurements except SCATHA. Thus. the
SCATHA energetic electron data set is a natural testing ground for the CRRES data
analysis/interpretation efforts. Further, since the development of such efforts requires
some lead time, the present SCATHA data analysis is the perfect choice as a prototype
for CRRES data analysis in 1990 and beyond.

The basic physical requirement for implementing such a prototypical program is a
fundamental understanding of how radiation-belt particles are transported in space and
time, how their motion is constrained by the Earth's magnetic field, and how their energy
is partitioned in the complex magnetospheric plasma envirionment. In short, we need
to "keep book" on the radiation-belt particles with as much detail as we can afford, in
order to understand their dynamical interactions. The formulation of such "bookkeeping"
in terms of the behavior of statistical aggregates has been developed in the late 1960's
as radiation-belt diffusion theory [e.g., Reference 1]. In the statistical picture, energetic
particles are transported into or out of any imaginary volume of space within the radiation
belts by the cumulative effects of interactions with fluctuating electromagnetic fields. Such
transport can be from one L-shell volume into another and/or along the magnetic field into
the atmosphere. The diffusion formalism seeks to describe these transport phenomena by
parametrizing the rates of transport, in its various modes, in terms of diffusion coefficient'.
Thus, in the diffusion theoretic formulation of radiation-belt dynamics, the primary task is
to determine the diffusion coefficients from data, rather than construct a global predictive
model based on first physical principles. A finite set of diffusion coefficients comprise
the key parameters in the diffusion equation which specifies the dynamical state of the
radiation belt. The chief goal of our data analysis/interpretation effort is, therefore, the
characterization of the diffusion coefficients for the SCATHA data set on outer-radiation-
belt electrons. This has been accomplished and discussed in detail in our papers, included
in the appendices of this report, resulting from this study.

The adoption of a diffusion point of view implies that the particle distribution be
specified with respect to a set of phase-space coordinates or parameters; any of which
may vary during the physical interactions which lead to diffusion. The ideal coordinate
frame for the description of charged-particle motion and diffusion in the radiation belts is
the space of three adiabatic invariants. Each invariant corresponds to one form of cyclic
motion in a static electromagnetic field. The deviations from purely cyclic motion in the
presence of time varying fields lead to particle diffusion with respect to one or more of
the adiabatic invariants. In the inner radiation belts the adiabatic-invariant formalism is
especially valuable because there is a simple mapping of the adiabatic-invariant space onto
the configuration space defined by thc L shells: the mix of particles on any given L-shell
is invariant with respect to longitude under static conditions.

For the outer radiation belt, and for geomagnetically active times. however, the mat-
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ter is not so simple. The primary problem is that the definition of an "L-shell" is not very
meaningful under such circumstances because the mapping of adiabatic-invariant space
onto the configuration space (i.e., radial distance, longitude, and latitude) is not invari-
ant with respect to longitude. The mapping also changes whenever the geomagnetic field
varies with time on a scale that cannot be described as "fluctuation". Consequently, L is

not a good coordinate with which to characterize radial diffusion "across L-shells". The
concept of adiabatic invariants, however, is still well-defined. The breakdown of the map-.
ping between invariant and configuration spaces can lead to coupling between the modes
of diffusion; a phenemenon which can be treated correctly only with adiabatic-invariant
coordinates. Therefore, the generalized description of diffusion in adiabatic-invariant space
is the proper choice to address radiation-belt diffusion in the outer regions at geomagnet-

ically active times. A prerequisite to our goal of data interpretation is the capability of
transforming between the two sets of coordinates for realistic geomagnetic fields relevant
to various active conditions. The difficulty of generating an efficient transformation from

configuration space to a fully adiabatic-invariant coordinate frame is the primary reason
why there has been. until this time, no method for routinely characterizing diffusion in the

analysis of outer-radiation-belt data for geomagnetically active times.

The diffusion analysis has been attacked on several fronts. Our efforts for the first
nine months of this study were mostly directed at a diffusion description in the static
teomgeuL, field. A. thL same ii,,,e we pruceeded tc develop basic tools to cope with
changes in the magnetic field during active times. A first step toward a fully dynamic
diffusion model was the acquisition for this study of a divergence-less realistic geomagnetic
field valid for high Kp values. That requirement seems to be fully met in the form of
the Tsyganenko-Usmanov model [References 2 and 3] as modified by Dr. David Stern
of .NASA Goddard Space Flight Center [private communication]. The second step was
to acquire the capability to compute adiabatic invariants in this model. Only efficient
computation of the third invariant was needed since the computation for the first and
second invariants is routine. The third adiabatic invariant, which is proportional to the
area vector integral of the magnetic flux enclosed by the particle drift orbit around the
Earth, is rather cumbersome and time-consuming to compute on a routine basis. We are
not aware of previous attempts to do so on a routine basis. An important development

of the present effort was that we have been able to develop an accurate transformation to
reduce the two-dimensional integration for the third invariant into a simple one-dimensional
integration, thus opening the way to analysis of outer-belt diffusion at active times, as well
as for other applications, such as for the proton belts.

Detailed descriptions of these achievements are described in our interim report for
the first nine months 'Reference 41. These include a brief survey and des-,4ption of the
SCATHA SC3 electron data along with characterization of some active periods of interest;
modehng of the temporal variations by mapping the phase-space distribution functions
in terms of observable parameters at fixed first and second adiabatic invariants; a com-
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putationally efficient procedure for calculating the third adiabatic invariant and the drift
motion of the particles; and the first phase of fitting a period of SC3 electron data with
an eigenfunction formulation, combining both radial and pitch-angle diffusion.

Following this initial phase of our study, a general solution of the bimodal (radial and
pitch-angle) diffusion equation for the radiation belts was developed with special regard to
the requirements of satellite radiation belt data analysis. Utilizing a period of SCATHA
SC3 electron data, the radial and pitch-angle diffusion coeffients were determined and
compared to previous results as a first test of our solution This was presented in our first
paper (Reference 5], which can be found in Appendix A and will be hereafter referred to
as Paper I. These results were expanded on in our second paper [Reference 61, which also
included a discussion of issues concerning dynamic modeling. This work will be referred
to as Paper II and can be found in Appendix B. The development of a nonlinear response
model of radiation belt particles to wave growth and particle precipitation Reference 7
was partially sponsored by this study, can be found in Appendix C and will be referred to as
Paper III. As we have progressed in this study towards a computationally efficient dynaric
model of the outer electron belt, we have refined our earlier work on the solution of the
bimodal diffusion equation and its uniqueness into our fourth paper (Paper IV) 'Reference
8>, This work can be found in Appendix D. In Section II of this final report, the bimodal
diffusion equation and our general solution is presented, as developed in Papers I, II and IV.
This general solution can serve as the basis of a new approach to dynamic modeling of the
radiation belts, having the capability to include temporal variations, diffusion and trapping.
The next four sections summarize the results of each of our papers from this study. Our
results and conclusions from this Space Radiation Test Model Study are presented in
Section VII. Recommendations for implementation of dynamic modeling in the CRRES
time frame are given in Section VIII.

4



II. A GENERAL SOLUTION OF BIMODAL DIFFUSION

In order to organize the d'7cussion in this report, we briefly summarize the salient

features of simultaneous bimodal diffusion theory [References 1, 9 and 101 and its specific

form developed for efficient data representation in Paper I.

By introducing an approximate invariant valid over a sufficiently thin slice of L-space,
Walt Reference 9' showed that the bimodal diffusion equation can be formulated in con-

figuration and pitch-angle coordinates (L,x,t) where z - cos a. Such a formulation is
particularly convenient for data applications because the coordinates are simple, although
it needs to be emphasized that its validity is restricted to slices in L-space, over which

energy gained or lost from radial diffusion does not impact Walt's invariant. As discussed

in Paper I the simultaneous multi-mode diffusion equation for the electron distribution
function f can be written

Of { 0f 1 64f2 iO 1 OL +2---__ -j (1)
Tt LOX 2 -X TZ(9

where p and v are considered to be constant parameters. In Paper I. we showed that if the

pitch-angle and radial diffusion coefficients, D,, and DLL, respectively, take on certain

generic forms
D . ! D . (E ) (2 )
DLL -(E)Ll

then the general solution to the bimodal diffusion equation can be expanded in terms of
eigenfunctions of various Bessel forms. This convenient property forms our basic principle
to characterize the state of the outer electron belt in a piecewise-continuous fashion in
terms of a data base measured along a satellite trajectory L(t).

The general solution consists of the linear sum of three modal expansions: (1) single-
mode pitch-angle diffusion. (2) single-mode radial diffusion and (3) simultaneous bi-moda
diffusion. Using the device of the Kronecker delta 6,0, the three modal expansions can be
written in terms of a single eigenfunction expansion

' 2 (1 - Jo(kxc), (C(1 - ko)e'/lr - et/ta, )'(L) b,Z.(L)
0 L Jl(kj

(3)
whert k, is the nth zero of the Bessel function J0 and xc = cos ak. The parameters and

functions are defined as follows:
LI

3= (1 - ) ( - 2)

p 1 3
tv (4)

2 2 4
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Y( = La. [J+([ 8,., I/LA)J>. [11-1(1 3 I /L~)< (5)

Zn(L) = L'. [N1 +,(I [3I IP)> [K,+.([6,. I /LA)'< (6)

J is the regular Bessel function, I and K are the modified Bessel functions, and N is the
Neumann function. The usual notation [gJ> is defined in this case by

[g]> = g if tn>0

(7)

[g]> = 1 if t' < 0

and analogously for [gJ<. The separation constants (tn,,3,,) and parameters of the solution
are related by the algebraic relations

t-1 = (1 - 6o)'r I - A' (8)

rn - D ==-- kn/-1 2(9)

The parameter value A = 4 (i.e., A = 10) is chosen to conform with the consensual L-
dependence of the radial diffusion coefficient [Reference 111. From Paper I the parameter v
is set to 2 (i.e., f = 0) for ease of computing the Bessel functions. Other values of v are easily
accommodated at the expense of computational speed. Our work so far has demonstrated
the economy of using v = 2, but further refinements can be readily accommodated in our
procedure. Equation (8) will be referred to as the separation equation because the entire
separable dilfusion differential equation is reduced by the eigenfunction expaision into this
constraint on the diffusion parameters. It is seen from (9) that the single pitch-angle mode
time constants are negative as expected, since single-mode pitch-angle diffusion always
leads to decay. For radial diffusion, however, the time constants t, can be either positive
or negative over a finite time interval. This is due to the fact that the phase space density
in the finite L domain can rise or fall in time in response to particle transport into and
out of the adjacent volumes. With the sign of each t, not predetermined, the separation
constant 0' can be positive or negative. This is the o.igin of the (J, I) and (N. K) options
of (5) and (6). This general sulution to the simultaneous bimodal diffusion equation and
the data representation were .ntroduced and utilized in three of the four papers to be
discussed below as part of our test model study.

6



III. FIRST RESULTS FROM SIMULTANEOUS BIMODEL DIFFUSION

The general solution of the simultaneous bimodal (radial and pitch-angle) diffusion
equation for the outer electron radiation belts developed in the previous section was first
put forth in Paper I !Reference 5] and is included in this report as Appendix A. The so-
lution was developed with special regard for the requirements of satellite radiation belt
data analysis and is used to test the bimodal theory of outer electron belt diffusion by
confronting it with satellite data. Satellite observations, usually over finite volumes of
(L. 1) space, are seldom sufficient in space-time duration to cover the relaxation to equi-

librlum of the entire radiation belt. Since time scales of continuous data coverage are
often comparable to that of radiation belt disturbances, it is, therefore, inappropriate to
apply impulsive semi-infinite time response solutions of diffusion theory to interpret data
from a finite window of (L, t) space. Observational limitations indicate that appropriate
solutions for the interpretation of satellite data are general solutions for a finite-volume
boundary value problem in bi-modal diffusion. In the paper we tested such a solution as
the prime candidate for comprehensive radiation-belt dynamic modeling by applying the
solution and developing a method of analysis to radiation belt electron data obtained by
the SCATHA satellite at moderate geomagnetic activity. The success of our first results
and the generality of our solution indicate its promise as a new approach to dynamic mod-
eling of the radiation belts. Such an approach should be based on our bimodal diffusion
solution and on satellite data taken on a routine global basis.

Our test data base from the SCATHA SC3 experiment was discussed in Paper I,
followed by an in-depth introduction to bimodal diffusion in the outer-belt region. When
a period of data from day 165, June 13, 1980, was fit to the general solution expansion
(Equations 3 through 9), exclusive of the separation equation (8), the electron distribution
function was characterized by the set of parameters (a., bn, , -,,rn, 8n). The phase space
volume for this fit covered the region (5.3 < L < 6.7; A.t = 5 hrs.; 200 keV < E < 2000
keV: a < a < 90'). where a is the pitch-angle, ac is the edge of the loss cor.t and E is
the energy. It was found that five orders of eigenfunctions (n =0-4) per energy channel,
i.e.. 30 parameters per energy channel, were sufficient to characterize the full data base of
5040 data points. Notle that -r, and 13,1 were independently derived from the fit and (8)
was not imposed. No iterations were made and a value of was determined for each order
from (8). i.e. a set of ,. From Equation (9) the pitch-angle coefficient D., can be derived
from the data set for each energy channel. Figure I shows the derived D., together with
the fit errors as functions of ei, rgy. In the solution, D,, was assumed independent of L in
order to achieve separability. From the figure, it is seen that D: is constant with energy,
except for the 448 keV channel. No iterations were made in this early work. In Paper I
these values of D. were found to agree with other determinations giving a pitch-angle

diffusion lifetime of about 5 days.

The derivation of the radial diffusion coefficient serves two roles of providing for phys-

7
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Figure 1. Pitch-angle diffusion coefficient as function of energy.
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ical data in the outer belt, which can be compared with other determinations from direct

particle observations, and of testing independently the adequacy of our representation to

the data. Figure 2 shows a scatterplot of DLL versus energy for L = 5.3. As mentioned

above the scatter values of DLL result from our deliberately not enforcing (8) in an itera-
tive manner. A worst case variance of the fit is obtained from the set of , at each order.

It was found that these order-dependent values of clustered closely around those deter-

mined by other workers, an indication that the representation is reasonable. The results

of Paper I were encouraging in that solutions of simultaneous bimodal (pitch-angle and

radial) diffusion theory were shown to have the potential to provide an efficient description

of a SCATHA outer-belt electron data set. The description was achieved in essentially
the initial pass without a systematic fitting procedure. These initial results established

plausibity for the approach.
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IV. HIGH-ENERGY OUTER RADIATION BELT DYNAMIC MODELING

Paper II [Reference 6], which can be found in Appendix B, originated from two papers
we presented at the Conference on High Energy Radiation Background in Space in antici-

pation of the dynamic modeling objective of the upcoming CRRES program. We described
the good results of our initial attempt at constructing the dynamics of the outer electron
radiation belt by combining diffusion theory with data as found in Paper I and surnma-
rized in the previous section, as well as discussed issues concerning dynamic modeling in
general. The latter was pertinent to the conference because dynamic modeling sc':ld pro-
vide a means to map the particle phase-space distributions away from the satellite track.

However, the uniqueness of such an off-trajectory projection needs to be determined in

light of the fitting errors involved in the data representation. These issues were brought
up here and analyzed in more detail in Paper IV, summarized in Section VI below.

The formulation of the simultaneous bimodal diffusion problem and our approach is
introduced in a different way from that of Paper I. This may provide a better, or at least
different, perspective of our solution representation. Further, we introduced the fact that
the radial portion of the solution is explicitly a function of t by expressing L as a function

of t. We may rewrite the radial portion of Equation (3) as

h (L(t), t) = et/t " [anYn (L(t)) + bZ , (L(t))] (10)

Utilizing L(t) minimizes the mixing of space-time in our fitting For the near-geosynchronous
SCATHA satellite covering only a small range of L, the effect of space-time mixing is mini-
mal. This allowed us to complete the first test case shown in Paper I. However, for the more
comprehensive situation of highly-elliptic orbits such as that for CRRES, which attempts
to specify the radiation belts over a wide range of L, the trajectory L(t) is a nonlinear
function of t, requiring a nonlinear fit for the determination of the diffusion parameters.
This is illustrated in Figure 3, which shows plots of h(L) for three situations: (a) L and t
independent, (b) SCATHA orbit on which L is nearly independent of t, and (c) CRRES-
like orbit on which L is strongly dependent on t. The strong distortions on panel (c) for
h(L(t). t) relative to the same function h(L, t) on panel (a) signifies that dynamic model-
ing in conjunction with a satellite data base involves much more than obtaining solutions
to diffusion theory. Using L(t) results in a better fitting scheme and supports unique off-
trajectory mappings. Paper II also briefly touched on the problem of magnetic and electric
L-shell-splitting, which needs to be studied further so that it can be taken into account in
the dynamic models.

The discussion in Paper 11 showsed that dynamic modeling differs fundamentally
from radiation belt analysis in that a theoretical representation of the on-trajectory data
set is required to predict fluxes outside of the satellite orbit. The faithfulness of the
projection depends on whether the representation is a good description of the physical
diffusive processes seen in the on-trajectory data. Our test case study yielded results
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Figure 3. Illustration of the nonlinear nature of fitting the radial representation to data.
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consistent with basically all other measurements in the moderately active outer electron
radiation belt. The resolution of a number of important issues brought by examination of
the test case awaits further work before operational dynamic models can be constructed.
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V. A NONLINEAR MODEL OF WAVE-PARTICLE INTERACTIONS

IN THE TRAPPED RADIATION BELTS

The interactions of waves and trapped electrons are described in Paper III [Reference
7], which is attached in Appendix C, by a closed system of three nonlinear coupled equa-
tions. The model has applications to many aspects of wave-particle interactions in the
magnetosphere. Nonlinear numerical solutions pertinent to auroral pulsations have been
computed for realistic ranges of physical parameters. The results confirm that precipitat-
ing pulsations can be initiated by either an injection of energetic trapped particles or an
increase in the plasma ionization desity. Relaxation of the system results in cyclic phase
trajectories about a (quasi equilibrium) point that is not located at the initial equilibrium
point. That observation may explain the tendency of auroral pulsations to appear super-
imposed upon an increase in the general rate of electron precipitation. The results also
imply that precipitation pulsations are most readily initiated by an encounter of drifting
energetic electrons with a region of enhanced cold plasma density.

The interaction between waves and trapped particles in the magnetosphere is a key
problem in magnetospheric physics [Reference 12], whose basic elements are considered to
be well understood. However, the complexity of a full treatment, based on first principles,
of the diffusion of particles into the loss cone and the response of waves to particle diffusion
has restricted quantitative studies to a handful. Davidson et al. [Reference 13: utilize the
SCATHA SC3 data base to test the theoretical trapping limit proposed by Schulz and
Davidson [Reference 14]. The results of the study, under a different sponsorship than that
of this report, were found to be consistent with the proposed model and the numerical
results agreed with the earlier predictions of Reference 8. In this study the pitch-angle
distribution was fit to determine the parameters of the shape. The representation of our
bimodal diffusion solution also determines shape parameters of the pitch-angle distribution.
Thus our representation can monitor the state of the radiation belt and indicate when the
particle populations are approaching isotropy, i.e., approaching the trapping limit.

The modeling applications for which the solutions of Paper III can be applied are
many. In fact, the physical principles and the code used in the paper are applicable with
virtually no modifications to radiation belt particle response to wave-particle interactions
and flux limiting. The nature of the detailed wave modes enters only in the determination
of the physical parameters. This wave-particle interaction model may play a role in our
dynamic modeling in the future.
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VI. TOWARDS DYNAMIC MODELING OF THE OUTER

ELECTRON RADIATION BELT

We show in Paper IV [Reference 8', which is in Appendix D, that the general solution
of a simple form of the simultaneous bimodal (radial and pitch-angle) diffusion equation
can represent the SCATHA outer belt electron distribution to a high degree of accuracy for
periods up to 10 hours. The data representation requires diffusion parameters that are in
agreement with all previous experimental and theoretical determinauns of such diffusion
coefficients. Such a representation satisfies the basic requirements towards the dynamic
modeling of the outer electron radiation belts for L < 7 at quiet and moderate geomagnetic
conditions. For L - 7 the representation has difficulties with "butterfly" distributions that
may signify energetic electron encounters with the magnetopause. It is demonstrated with
a typical example of computer simulation of electron encounters with the magnetopause
that the effects of the encounter may be highly anisotropic in configuration or in invariant
space.

This paper addresses many of the issues still remaining in our test model study for
developing the tools needed for dynamic modeling of the radiation belts. Because the res-
olution of several of these issues are new in this study, we therefore include major sections
of the paper where they are relevant to our results and conclusions. At least three major
issues require attention if the bimodal diffusion approach to dynamic modeling is to be
pursued. First, we must establish a systematic iterative procedure to achieve a fit of the
data consistent with all the constraints of the solution. This requirement involves not only
specification of the accuracy of the fit in four-dimensional phase space but also satisfaction
of diffusion parameter constraints imposed by bimodal theory. Second, the form of the
bimodal diffusion theory used was computationally efficient but its validity was recognized
to be restricted to a sufficiently thin slice of L-space [Reference 91. Such a property is not
incompatible with dynamic modeling with a satellite data base since satellite data are nec-
essarily restricted in (L, t) space. Nevertheless, it is crucial to determine the observational
extent of L-space over which the version of bimodal diffusion theory is valid. Third and
most important, the degree of uniqueness of the data representation must be established
since dynamic modeling implies the projection of electron fluxes from measurements on
a satellite trajectory to other regions of phase space where direct measurements are not
available. Note that the solution representation of the theory is necessarily unique every-
where if the on-trajectory specification is unique. However, the data fit to the solution is
over a trajectory on which L and t are mixed; therefore, the on-trajectory specification
is not necessarily unique insofar as the separation of L and t effects are concerned. In
order to insure that our iterative procedure for untangling L and t effects does not alias
the projection to other regions of space-time, we must at least demonstrate that our data
representation yields flux projections independent of the projection path.

In Paper IV. we have addressed the above three issues. We have demonstrated that
simultaneous bimodal diffusion theory is an efficient representation of SCATHA outer-belt
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electron data in the configuration space range (5 < L < 7; At < 10 hrs.) for Day 165.
1980 and Day 110, 1979. Iterative procedures have been devised to improve the fit and to
satisfy diffusion parameter constraints that were not enforced in Paper I. The result is a
reduction of parameters (by - 15%) to achieve better fits over a much larger data base (by
- 100%). We were also able to demonstrate that fit errors do not impact the uniqueness
of off-trajectory flux projections based on the solution representation.

In Paper I it was found that five orders of eigenfunctions (n =0-4) per energy chan-
nel, i.e., 30 parameters per energy channel, were sufficient to characterize a data base of
5040 data points. For Paper 4, we included the effects of the separation equation (8) in
constraining the diffusion parameters (r, ,,,). Note that the diffusion parameter is
independent of order r. whereas the others are order dependent. In Paper I, r,, and 0,,
were independently derived from the fit and (8) was not imposed. No iterations were made
and a value of was determined for each order from (8), i.e. a set of ,. It was found
that these order-dependent values of clustered closely around those determined by other
workers, an indication that the representation is reasonable. Here we used the constraint

(8) as the focus for an iterative fitting scheme in determining the best order-independent
value of . Since (8) was imposed, (r,,) and 0,, were no longer independent, thus the

number of required parameters per energy channel was reduced by 4 in this work. The
iteration also improved the fit to the data set. The process of fitting a data set to the rep-

resentation begins with decomposing the electron distribution functions into pitch-angle
eigenfunctions and their amplitudes. We have demonstrated in Paper I that this proce-
dure is highly accurate. We shall focus our discussion below on tne decomposition of the
pitch-angle amplitudes into eigenfunction expansions in L.

We have devised a nonlinear fitting procedure keyed to the iterative determination of
the order-independent radial diffusion parameter t in the separation equation (8). In the
first pass, the procedure described in Paper I is applied and the separation equation (8)
is solved for each order, resulting in a set of order-dependent parameters ,r. Iterations
begin with the choice of an interim mean value = (t,,) where the averaging is weighed by
the eigenfunction amplitudes (a,,, b,). The interim value t is enforced in (8) to determine
new values of the parameters (T-,,,) in a new fit. With the new parameters, a new set of
t, is determined by solving (8) exactly and another iteration cycle begins. The iterative

procedure continues until the residual error in the equality between the left and right hand
side of (8) can no longer be improved upon. The final value of t is taken to be the fit value
uf the diffusion parameter. This is a nonlinear iterative procedure therefore, there is no
a priori guarantee that it is convergent. In practice, it converges because the set of 'C, in
the first pass is closely clustered to begin with. Figure 4 shows an example of the degree
to which the cnstraint (8) is obeyed by the initial and final iterations of the procedure.

The iterative scheme has been applied to -,- 4 hours of SCATHA electron belt data
for Day 165, 1980 and to -, 9 hours of data for Day 110, 1979. Figures 5 and 6 show three-
dimensional plots of the data and the fit reconstructions for these two days. respectively. It
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should be noted that reconstruction errors for both days are primarily concentrated in the
high-L and a '-- 900 region. We found that this region is rich in "butterfly" distributions
[References 15 and 16]. These will be discussed in more detail below. Figures 7 and 8 show
the distributions of the fit errors for each data point in the initial and final passes of the
iterations for the two days, respectively. The data points associated with the large-error
tail of the error distributions, Jess than 1000 data points in each data set, are again related
to "butterfly" distributions, although a substantial portion of the large fit errors are also
contributed to by some noisy data in the data base. Unsmoothed raw data is used to tally
the percentage error in these figures. Figure 9 shows the comparison of radial diffusion
coefficients determined in this work with all other known observational and theoretical
determinations [References 17 through 29]. The mottled band of DLL values in the figure
corresponds to this work. The spread of the band is due to energy dependence of the
diffusion coefficient. The larger cross-hatched band of DLL values was determined in
Paper I and is due not only to the spread of energy channels but also primarily to the
dependence of on order. It is seen that our enforcement of (8) allows for a much more
precise determination of the radial diffusion coefficient. Energy dependence is not always
addressed in other work.

For a data repesentation scheme to qualify as a dynamic modeling scheme., it must
demonstrate the ability to uniquely predict (or obtain by projection), the off-trajectory
electron distributions, from a set of on-trajectory electron distributions. The use of the
general solution to bimodal diffusion theory yields a naturally unique off-trajectory projec-
tion within the limitations of the assumed physics. Whether the assumed physics correctly
describe the actual processes prevailing in the particular region of the outer electron belt
is a separate issue to be discussed below. Within the scope of diffusion theory, if the
on-trajectory representation is exact, the projection to any off-trajectory point is also in-
dependent of path because the solution is uniquely specified everywhere that it is valid.
Since the on-trajectory representation is not given a priori (but given as a fit based on
a data set that mixeb L and t), an important question arises: Can the fit errors due to
aliasing L and t destroy the uniqueness of the projection by making it path dependent?

We have investigated this problem of projection consistency (or path dependence,
for our representation by projecting to an off-trajectory point from two well-separated
on-trajectory points: one having the same L and the other having the same t as the off-
trajectory point. The projection paths are thus along the t and the L axes. respectively.
Figure 10 shows the results of such a uniqueness test for Day 110, 1979. The projection
in our representation is indeed path independent. This test clears a hurdle for using the
bimodal diffusion solution for outer-belt dynamic modeling, since it demonstrates that
uniqueness is not destroyed by the fit errors. It must be noted that this is only an interna
consistency test. not a validity test that diffusion theory correctly describes the prevailing
physics of the outer belt. A validity test requires data sets from more than one satellite.
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A valid dynamic model should be able to "predict" one satellite data set from the solution
fit to the other satellite's data set, and vice versa.

We have repeatedly stated from the outset that the validity of the form of simultaneous

bimodal diffusion theory chosen for this study is very severely limited, particularly in
regions of the outer electron belt at L > 7. The first limitation is that Walt's invariant

[Reference 9, remains so only within a limited slice of L. This property of piecewise
invariance is exploited as much as possible in our application in the region 5 < L < 7, but
there must be constraints to the exploitation. In the stable regions of the outer belt at L <

5, we do not see any reason why the application of the representation will be different from
that shown here, although it is necessary to test it with another satellite data set because

SCATHA does not cover that region. For L > 6, we sometimes encounter difficulties with
"butterfly" pitch-angle distributions. We recognized at the outset that an important factor
limiting the validity of the representation is the effects of third invariant violations that may
or may not be describable in terms of diffusion. Such effects can be due to severe magnetic
or electric shell splitting or to encounters with the magnetopause. In such encounters,
the electron distribution on a given L-shell can be changed catastrophically. Since such
third-invariant violating effects are deemed to be most effective at the equatorial region, it

is usually assumed that their signature is a loss to the drift shell of equatorially mirroring
particles (those with - 90' pitch angle) leading to the so-called "butterfly" distributions

;References 15 and 16'. Such an expectation seems reasonable as far as the pitch-angle
distribution is concerned; however, the transport in the configuration part of phase space
is a matter that has not been investigated beyond the expectation that the third invariant

is drastically violated.

Since our representation is not expected to be valid for describing such drastic viola-
tions of the third invariant, the inclusion of such distribution functions in our data base

incurs large errors in the representation. These constitute a part of the large-error tail of
the error distributions shown in Figures 7 and 8. The successful treatment of the "butter-
fly" events constitutes the remaining hurdle towards dynamic outer electron belt modeling.
The solution to this important problem is beyond the scope of this brief report but we
shall address some salient points here. An initial reaction to the failure of the simple form

of radial diffuion used is to assume that another form of radial diffusion, perhaps in third
invariant coordinates, may be a better description of the physics involved in "butterflies".
Such may indeed be the case, but a more primitive question needs to be considered first:
Are encounters involving drastic violations of the third invariant necessarily diffusive in
the configuration part of phase space?

In order to answer this and related questions, we have initiated computer simulations
of 10 MeV electrons encountering a realistic, non-turbulent paraboloidal magnetopause

'Reference 30 in the configuration of a Tsyganenko [Reference 3) field model. The mag-
netic field magnitude drops by 30 nT across the magnetopause at the sub-solar point.
The field configuration outside merges smoothly into a uniform southward interplanetary
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configuration. The important feature of the magnetopause encounter is that the elec-
tron executes trapped bounce motion occasionally on inward field lines and, in between
bounces, it skips along the equatorial regions sometimes inward and sometimes outward
of the magnetopause boundary with differing amounts of residence time, dependent on
pitch angle and gyration phases; i.e., there is little evidence of scatter perpendicular to the
boundary. Such anisotropic scatterings in encounters with the magnetopause can hardly
be described in simple terms of isotropic diffusion, in invariant coordinates or otherwise.
The encounter effects are somewhat more isotropic in configuration space if the magne-
topause is not smooth, but the anisotropy will remain since the average magnetic field is
non-zero both inside and outside. Clearly the equatorial skippings are likely to lead to
enhanced pitch-angle diffusion; however, pitch-angle diffusion cannot produce a "butter-
fly" population. On t*e other hand, skippings along the equatorial magnetopause, which
cuts through many L-shells, clearly constitute transport in L and, consequently, viola-
tion of the third invariant, as expected. The loss to a given L-shell of electrons, which
skip to a different L-shell along the equatorial magnetopause, will clearly produce a "but-
terfly" distribution. The surprising feature of the simulation is that this transport in L
is anisotropic in configuration space and can hardly be considered diffusive. Based on
computer simulations of magnetopause encounters, the "butterfly" distribution is but a
superficial signature peculiar to the process in which violations of invariants occur with
drastic anisotropy in configuration space. Further, the channeling of electron motion pro-
vided by the sharp magnetic field gradient at the magnetopause boundary surface indicates
that it acts macroscopically as a scattering boundary to outer-belt electrons, having simul-
taneously the properties of a sink to electrons approaching the boundary on given initial
L-shells intercepting the magnetopause and of a highly anisotropic source of electrons to
L-shells intercepting the magnetopause inward of the initial L-shell. In the non-turbulent
magnetopause case, virtually no electrons were lost to interplanetary space. It appears
that diffusion in invariant space is not the panacea that cursory considerations make it out
to be.

By testing against a SCATHA electron data base, we have found a computationally
practicable representation for the outer-belt electron distribution from the general solution
of a simple version of the simultaneous bimodal diffusion theory that satisfies the basic re-
quirements for outer-belt dynamic modeling inwards of L - 7. The representation fails to
characterize the small portion of outer-belt electron populations known as "butterfly" dis-
tributions. The nature of outer-radiation-belt electron encounters with the magnetopause
needs to be investigated beyond the superficial formation of "butterfly" pitch-angle dis-
tributions. In particular, the distribution of "butterflies" in configuration space can shed
light on the scattering processes in encounters with the magnetopause.
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VII. RESULTS AND CONCLUSIONS

Early in this Space Radiation Test Model Study we developed the necessary tools for
handling the SCATHA SC3 electron data in both configuration and invariant coordinates.
We mapped the phase-space distribution functions in terms of observable parameters at
fixed first and second adiabatic invariants. We have subsequently developed the inverse
algorithms for mapping the distribution in terms of the invariants at constant energy and

pitch angle, the observable parameters. A computationally efficient procedure for calculat-
ing the third adiabatic invariant and the drift motion of particles was also demonstrated.

Using these tools the SCATHA environmental data base was surveyed for periods of inter-
est to this study. We then proceeded in an iterative fashion to solve the bimodal diffusion
equation and test it with the data base. The following results and conclusions can be

drawn from this study:

1. A computationally efficient representation was obtained based on a solution of the

simultaneous bimodal (radial and pitch-angle) diffusion equation in the configuration

and pitch-angle coordinates (L, z, t).

2. The solution representation was tested against the SCATHA SC3 data base and was

found to be good for L < 7.

3. The Bessel function expansion in the pitch-angle coordinate provides a means for

identifying the pitch-angle distribution, e.g., for a normal, "butterfly" or isotropic
distribution, and thus for monitoring the state of the radiation belt over time.

4. Data obtained on-trajectory as a function of L(t) and t do not necessarily lead to a

unique off-trajectory projection. However, we have explicitly tested our representation
and procedure, finding that they provide a unique projection away from the spacecraft
orbit.

5. Based on the off-trajectory uniqueness, our representation will provide dynamic mod-

eling for L < 7. if there are no "butterfly" pitch-angle distributions present in the

data base.

6. "Butterfly" distributions lead to large errors when they are included in the data set
to which the simultaneous bimodal diffusion solution is applied.

7. The nature of "butterfly" distributions has been elucidated with a particle simula-
tion code. They are characterized by third invariant violation, as well as anisotropic

transport, in configuration space. This effect has not been discovered until now.
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VIII. RECOMMENDATIONS

From the results and conclusions in the previous section of the report, the following
recommendations are suggested for implementation in the near future in order to perform

dynamic modeling of the radiation belts in the CRRES time frame.

1. In order to implement dynamic modeling of the outer radiation belt, our representation
of the electron data should be used for L < 6.

2. The "butterfly" distributions should be investigated further with computer simulation
and the findings should be incorporated into the diffusion theory.

3. Shell-splitting effects on lower-energy particles due to steady electric fields and mag-
netic fields should be investigated.

4. A procedure should be developed to couple all of these effects into the diffusion theory
and our data representation, leading to the capability for dynamic modeling of the
radiation belt.

5. The dynamic model should be tested with SCATHA SC3 data for the outer belt
region.

6. The dynamic model should be tested with CRRES high-energy electron data over the
whole radiation belt.

28



REFERENCES

1. Falthammar, C. G. and M. Walt, "Radial motion resulting from pitch-angle scattering
of trapped electrons in the distorted geomagnetic field." J. Geophys. Res., 74, p.
41S4. 1969.

2. Tsyganenko, N. A. and A. V. Usmanov, "Determination of the magnetospheric current
system parameters and development of experimental geomagnetic field models
based on data from IMP and HEOS satellites," Planet. Space Sci., 30. p. 985.
1982.

3. Tsyganenko, N A., "Global quantitative models of the geomagnetic field in the

cislunar magnetosphere for different disturbance levels," Planet. Space Sci., 35,
1347. 1987.

4. Nightingale, R. W.. Y. T. Chiu, G. T. Davidson, IV. E. Francis, M. A. Rinaldi, R.
M. Robinson, and R. R. Vondrak, "A space radiation test model study." Report
AFGL-TR-86-0064, (ADA169412), Air Force Geophysics Laboratory, Hanscom

Air Force Base. MA 01731, March 1986.

5. Chiu. Y. T.. R. W. Nightingale and M. A. Rinaldi, "Simultaneous radial and pitch
angle diffusion in the outer electron radiation belt," J. Geophys. Res., 93, 2619,

1988.

6. Chiu, Y. T.. R. W. Nightingale and M. A. Rinaldi, "High-energy outer radiation belt
dynamic modeling," AIP Conference Proceedings for the Conference on High
Energy Radiation Background in Space, held at Sanibel Island, Florida, Nov.
3-5, 1987. (to be published in) 1989.

7. Davidson, G. T.. and Y. T. Chiu, "A nonlinear model of wave-particle interactions in
the trapped radiation belts: Auroral pulsation solutions," GeophYs. Res. Lett..
14, 1166, 1987.

S. Chiu. Y. T., M. A. Rinaldi, W. E. Francis, and R. W. Nightingale, "Towards dynamic
modeling of the outer electron radiation belt," (to be submitted foi publication),
1989.

9. Walt. M., "Radial diffusion of trapped particles," in Particles and Fields in the
Magnetosphere. ed. by B. M. McCormac. D. Reidel. Hingham, MA, p. 410.

1970.

10. Roederer. J. G.. and I. Schulz. "Effect of shell splitting on radial diffusion in the
magnetosphere." J. Geophys. Res., 74, 4117, 1969.

11. Schulz. M. and L. J. Lanzerotti, Particle Diffusion in the Radiation Belts, Springer-
Verlag, Berlin. Germany. 1974.

29



12. Kennel, C. F., and H. E. Petschek, "Limit on stably trapped particle fluxes." 1.

Geophys. Res. 71, 1, 1966.

13. Davidson, G. T., P. C. Filbert, R. Nightingale, W. L. Imhof, J. B. Reagan. and

E. C. Whipple, "Observations of intense trapped electron fluxes at synchronous

altitudes," J. Geophys. Res. 93, 77, 1988.

14. Schulz, M., and G. T. Davidson, "Limiting energy spectrum of a saturated radiation

belt," J. Geophys. Res. 93, 59, 1988.

15. West, H. I., Jr., "The signature of the various regions of the outer magnetosphere
in the pitch angle distributions of energetic particles," in Quantitative Modeling

of Magnetospheric Processes, ed. by W. P. Olson, American Geophysical Union.

Washington D. C., p. 121, 1979.

16. Sibeck, D. G., R. W. McEntire, A. T. Y. Lui and R. E. Lopez, "Magnetic drift-
shell splitting: Cause of unusual dayside particle pitch angle distributions during

storms and substorms," J. Geophys. Res., 92, 13,485, 1987.

17. West, H. I., Jr., R. M. Buck, and G. T. Davidson, "The dynamics of energetic elec-

trons in the earth's outer radiation belt during 1968 as observed by the Lawrence

Livermore National Laboratory's spectrometer on Ogo 5," J. Geophys. Res., 86,

p. 2111, 1981.

18. Tomassian, A. D., T. A. Farley, and A. L. Vampola, "Inner-zone energetic electron
repopulation by radial diffusion," J. Geophys. Res., 77, 3441, 1972.

19. Farley, T. A., "Radial diffusion of starfish electrons," J. Geophys. Res., 74. 3591,

1969.

20. Newkirk, L. L., and M. Walt, "Radial diffusion coefficients for electrons at 1.76 <

L < 5," J. Geophys. Res., 73, 7231, 1968b.

21. Lanzerotti, L. J., C. G. Maclennan, and M. Schulz, "Radial diffusion of outer zone

electrons: An empirical approach to third invariant violation," J. Geophys. Res.,

75, 5351, 1970.

22. Filthammar, C. G., "Introductory survey of radiation belt diffusion," in Particles

and Fields in the Magnetosphere, ed. by B. M. McCormac. D. Reidel. Hingham,

MA, p. 387, 1970.

23. Newkirk, L. L., and N1. Walt, "Radial diffusion coefficients for electrons at low L
values," J. Geophys. Res., 73, 1013, 1968a.

24. Kavanaugh, L. D., Jr., "An empirical evaluation of the radi,1 '4;ff.sion coefficients

for electrons of 50-100 keV from L = 4 to L = 7." J. Geophys. Res.. 73. 2959.

1968.

30



25. Nakada. M. P.. and G. D. Mead, "Diffusion of protons in the outer radiation belt."

J. Geophys. Res.. 70, 4777. 1965.

26. Tverskoy., B. A., "Transport and acceleration of charged particles in the earth's

magnetosphere," Geomagn. Aeron. Engl. Transl., 5, 617, 1965.

27. Birmingham, T. J., "Convection electric fields and the diffusion of trapped magne-

tospheric radiation." J. Geophys. Res., 77, 2169, 1969.

28. Cornwall, J. M., "Diffusion processes influenced by conjugate point wave phenom-

ena." Radio Sci., 3, 740, 1968.

29. Holzworth, R. H.. and F. S. Mozer, "Direct evaluation of the radial diffusion coef-

ficient near L = 6 due to electric field fluctuations," J. Geophys. Res.. 84, 2559.

1979.

30. Stern. D. P.. "Parabolic harmonics in magnetospheric modeling: The main dipole
and the ring current," J. Geophys. Res., 90, 10851, 1985.

31



APPENDICES

Appendix Page

A Paper I Simultaneous Radial and Pitch Angle Diffusion in the Outer

Electron Radiation Belt ............................................. A-I

B Paper II High-Energy Outer Radiation Belt Dynamic Modeling ............... B-1

C Paper III A Nonlinear Model of Wave-Particle Interactions in the Trapped

Radiation Belts: Auroral Pulsation Solutions ....................... C-1

D Paper IV Towards Dynamic Modeling of the Outer Electron Radiation Belt ... D-1

32



JOL R\AL Ol GFOPIIN SIC AL RESLARCII. VOL 93. NO A4, PAGES 2619 2632. APRIL 1. 1998

Simultaneous Radial and Pitch Angle Diffusion
in the Outer Electron Radiation Belt

N'. T. CHILI. R. W'. NIGHTINGALE, AND M. A. RINALE)

Lock heed Palo Alto Research Lahoratoei. C,214/i'rnio

A oilutioin of the bimodal Iradial and pitch anglel, diffusion equation for the radiation helts is dleset-
oped with special regard for the requirements of satellite radiation belt data analysis. In this paper, we
use this solution to test the bimodal theory of outer electron belt diffusion by confronting it with satellite
data Satellite observations. usually over finite volumes of (I., if space, are seldom sufficient in space-time
duration to cover the relasation to equilibrium of the entire radiation belt. Since time scales of continu-
ous data coverage are often comiparable to that of radiation belt disturbances, it is therefore inappro-
priate to apply impulsive vemi-intinie time response solutions of ditfusion theory to interpret data from a
finite aizndiiw of iL. 1i space Observational limitations indicate that appropriate solutions for the
itnterpretaitioin of satellite daia are general solutions for a finite-solume boundary value problem in
bimodal diltiisin Here we test such a solution ;as the prine candidate for comprehensive radiation belt
dynaimic nmodelinig h) applyving the solution and developing a method of anialysts to radiation belt
electron data obitained by. the S( *AI H,% satellite at moderate geomnagnetic activity. The results and the
generaliy of our solution indicate its promise as a ness approach to dynamic modeling of the radiation
belts

1. cITROUCrTION driving force for a revisit and a further Mtort at solving the

In the three decades since the discoverv of the radiation important problcms of radiation belt dynamics left unsolved

belts, the physics of geomnagnetically trap'ped radiation has in the early 1970s. The upcoming Air Force NASii Comibined

evolvedl from the position of being the motivating force of Rclease and Radiation Elfects Satellite (CRRESI crvstalttcv

space plasma physics into the eurrent state of relative quies- these research trends, for the goal of its main complement (if

cence This is not necessariy due ito a matured understanding instruments is to develop a data base for comprehensive speci-

of radiation belt dvnamics:*rather, it is due to a relative lack ficalion of the particle populations in the space radiation envi-

oif oppoirtunties toi place into suitable orbit advanced instru- tonnti.

ments that can cover the large dynamic range of radiation belt The collection of data by a single satellite mission, however.

particle variations in space. time, energy and pitch angle comprehensive, is not sufficient to specify the worldwide radi-

lpi.ase .hi)-ei New discoveries in auroral phenomena in the ation ens irevnen. ;n space and time This can only be

late 197t0s and early 1980ls hase also attracted research interest achieved by the theoretical esplication of :cdynamics with a

away from the radiation belts tossard the low-energy hilgh- priori physical laws so that predictivre models, based upon atid

latitude plasma Indeed. astde from geo-synchronous-orbit in- verifiedl by data, can be constructed for applicationall needs

struments wkhich are especially suitahie foir studies of sources Such an cbjectie is the eventual goal for which the present

[e g_. RiG"t er at,. 197X]. there exist few electron radiation belt work is Intended as a tIrlSt Step.

data sets since 0(;0-5 in 190h [e g. West et al. 1981. and In this paper. we focus on deriving a practicable solution of

references therein I that car. provide the appropriate dynamic the diluston phy' sics for outer radiation belt electrons; The

range in phase space coverage suitable for specifying the dy- solution must be appropriate for the finite space-time cover-

namics, of the outer electron radiation belt. Among these, the age of the data so as to limit theoretical assumptions that are

datat from the Lockheed SC-3 instrument on board the riot directly relevant toi the data. We shall demonstrate that

SCATII A W79~-2i spacecraft latunched in 1979 is unique in these goals can be achieved, at least for the region of space

that it has, escellent pitch-angle resolution covering the very covered by the SCAT H A spacecraft in a mnoderately active

iritow los, cone -it thle qiaie~iiir~ orbit of thle space- outer radtitin belt, by .ipplic.!tiin of aI geticrit cigcnifuicictot

craft [ Reaioin ci all . 19981] F Uurther, since the spacecraft is not expansion solution to the vimultanciius radial and pitch anogle

t sactly geoss nchroruous. the L shell coverage of 531 to 8.7 in dillusion equation. Although our solutions ate admittedly ap.

the data pros ides a testing ground for further specifications of prosimattons% to the comp!cx bimodal d'asion physics, our

the dy~namics of the outer radittion bell. "oik here represents, insofar ,is we can determine, at first ciim-

Relative inactittv in the scientific aspcts% of radiation belt prehensive attempt to confront simultaneous bimodal diti-

ph~ vies in the last decade does not implx , however, a decrease sior)t theory ' % illh data As Sik h JIi the Current primitive sitage

(Iof .applicaticinal demand for radiation' en vironmnt specifi- of simullaiseous bimodal dillusioti theory. we tItOnd it tueces-

kation Indeed, as a result of Intcreasingly comTples and senisi- sarv to miake a number of sirnplif. togp assuptions in order to

livespae ist umett~iionandactvites, emads or in- achieve a coomplete solution. vs hitch, insofar as we cant deici.
provsped raIatonmenvionen spcactiitis heaes beore te mine, has not been A ritteti down befiire %4e Inmpose sfi a

pro~d rdiaionenvionmnt pecfictionha~ beome(he discipline in fitting the data to thle Nulittiln hosseser I lie
re~ulf is aI fit it) the etitre dhal,i III ('iteigs spe(Iiitit I sill.1
pitch aiigle ind time1 I he d1tl1i1sio11 parantcetrs \icldeil 1, the

I, pst.pho 1,1s f, it-l(c hvwl ii lit ciuttp.li welt wkith oilier determnttatiiiit< Iront sitilenIe

Vfiper nruitr -\"I " dilloiivun their) It is inipotiit to is mute howve~r. tha~t thev
ui ,hi' 55i)-r\ 41 J2,iss eSults of the presetit wisi1k ire toIt oseiti 10 heC .ilit.ihtC to
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detector response of ~4, which includes the 3 sweep of the
260 trV detector for each 0.5-s accumulation period 'This detector re-

70 ,1 ,. - "-sponse should be compared with the expected loss-cone vidth
r 3 kQ- of 4: to 6 in the near-synchronous region The spectrometer

to1 is aligned perpendicular 'to the spin axis of the satellite. sweep-

1 ing through almost all pitch angles (from 0 to 90 1 four times
10Z 216 ko per minute. The SC3 instrument has been acquiring data and

-10 operating normally since launch. A more complete description
0 of the instrument can be found in Reagan et al [1981]

StoThe Lockheed SCATHA SC3 data base consists of -950
1j0 ,1 2days of digitized data on magnetic tape from launch in 1979

1,is 19 0 21 22 23 24 to the present in several intervals. The pitch angle for each
D UNIVERSAL TIME (hI accumulation period is determined using data from the on-

7.03 6.70 6.37 5.97 S.164 5.2 .31 board vector magnetometer (SCII). From the data tapes a
L condensed data base of 10-min averaged, pitch angle binned

Fig. I. Ten-minute averaged electron fluxes integrated over all electron fluxes for the 24 energy channels over the full energy
pitch angles for seven energy, channels measured by the Lockheed range of 47 to 4970 keV. has been generated for on-line stor-
SC3 instrument on board SCATHA during day 165, 1978 This is the age on a VAX 11/780. For each 10-min time interval the data
data set to be analyzed in this paper are grouped by pitch angle values into 30 bins from 0 to 90 .

making 30 pitch angle bins for each energy channel in the
interval. Every 10-min interval also includes the universal time

outer belt electrons under very active geomagnetic conditions (UT), local time (LT), latitude, longitude. Kp. Dir. magnetic
when shell splitting and magnetopause transit effects become latitude, B/B o value, and the L shell value for the SCATIIA
dominant, spacecraft. The quiet time Olson-Pfitzer [Olson e al.. 1979]

In section 2. the unique characteristics of the Lockheed magnetic field model together with the formulations of Mt II-
SCATHA data base are discussed in terms of their applica- wain [1961J for L shell were used to calculate the last three
bility to explicating dynamics of the outer ridiation belt. in ephemerides. This multiparameter data base facilitates the
section 3. a brief review of the theoretical development in generation of energetic electron distribution functions in
radiation belt diffusion physics is followed by the derivation of adiabatic-invariant coordinate space
a general bimodal simultaneous diffusion solution suitable for The SCATHA orbit has a daily perigee of L - 5.3 and an
situations encountered in satellite sampling of radiation belt apogee that often carries it beyond L = 8.6. The orbit pre-
dynamics. The most important point is that satellite observa- cesses eastward at -5.3- of longitude per day: so the line of
tions in a linite segment of space-time are not amenable to apsides gradually rotates eastward with respect to the noon-
interpretations in terms of a relaxation to equilibrium. The midnight meridian at -4Y per da.. An especially important
application of theory upon the chosen data set is presented in region is near 7 R, where trapped-particle drift orbits can
section 4. In section 5. tile physical implication of the data cross the magnetopause boundary, the latter depending on the
representation and its applications to comprehensive dynamic activity level and located somewhat beyond L = 7 on the day-
modeling of the outer radiation belt will be discussed side. Electrons with large pitch angles that encounter the mag-

netopause boundary are presumed to be scattered and ef-
2 lIi HAi CHARACIIRISIi(S fectively removed from the drift shell on which the% had start-

The ISAF 'NASA 1178-2 spacecraft studying satellite ed. As a result of losses at the magnetopause, the electron
charging at high altitudes (SCATHA) was launched on Janu- distributions on the evening side are often depleted at large
ary 30. 1979. In its final orbit the satellite nominally spins at pitch angles; this depletion is very pronounced %%hen the mag-
- I rpm and traverses an altitude range between - 27.500 km entic field is distorted in the development of a substorni or

at perigee and -45.2(Wl km at apogee twice a day within a storm), and is an important indicator of geomagnetic actiwty
latitude range of ± 15 . This coverage corresponds to an L Siheck et at. [1987) discussed such a case of anomalou, shell
shell range of about 5 3 to 87 in the near-geosynchronous splitting but our distributions in the selected data base do not
region RegarIdles of the orientation of the orbit with respect show such features
to the Fartlh-Sun line. SCAFIIA spends -83". of the time The SCATHA SC3 temporal data set was from the latter
beyond I = portion of day 165, June 13, 180. a moderatel'. active period

1the lockheed high-energy particle spectrometer. SC3. is a with Kp = + 4 and Ds = -50 Two days earlier a ge,,nig-
solid-state particle telescope, employing a series of surface bar- netic storm had occurred. but the magnetosphere had sine

rier silicon detectors, that primarily measures energetic elec- relaxed enough that the observed electron flue, on dI PIs
Iron fltes as a function of energy and pitch angle. Ihe instru- were smoothly varying %ith no pitch angle signature', of pirti-

meat normally operates in two energy modes with the lower cle loss in the magnetopause Figure I shows the it-mm
mode covering the electron energy range between 47 to 299 averaged data integrated over all pitch angles for seven
keV in 12 channels, each about 21 keV wide the higher channels of electron flux During this period the 'pae.raft

etenrg. mode extends over the electron energ) ringe from 256 was drifting inward from I. - 7 2 to 1. = 5 3 I he I ,hell ,tinge
to 49701 keV in 12 channel, each 391 keV wide SC3 has included in the analysis has been restricted to 1. -- 6, 4S to
esellent pitch angle resolution and pointing alignment. suf- eliminate the large sariabiltt of the electron fluve, bc',,,-! the
ticitent t) look into the loss cone. thereh. allow ing precise geosnchronous region fIt est et al. 19811 and the lo. ount
hti ytg ')f the pitch angle diisrthutitioIts lie ield of view of the rates due to the approxsmatelN exponential fall ole %kith in-
detector is .4 , prov ding an elle tise angulat width for the creasing I. shell [Reaqan et al. 19811 In addition vs . hate
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selected for the formal analssis only those data channels
abose 250 IseV so as to eliminate channels which are most 105 __ _ _ _ __ _ _ _

likely to be affected by consective forces or resulting from f-
260 

key
288 keV'

consequences of the major storm preceding the data period. r __________i,5keV

Data wsith electron energies above 22081 keV have low statis- 10830 keV1

tics and are also excluded from the data set Data from energy -------- '22kV

cnnlouidofthese limits are also analyzed to show the 7 ' 66 e

extraneous factors in data analysis that a theoretical diffusion I -

picture must contend with. Figure 2 illustrates typical pitch 0 w_ TiMF 79171.0

angle distributions during this time for the selected energies. L)~ 10 L = .69~K p~' K
.Although the period was moderately aCtise. the magnetic field -,Dsi - 9

%k&;a smoothly: ,ar~ing. with a field directioti that remained Ae 749

perpendicular to the spacecraft spin vector. This allowed SC3 tO 10 20 40 60 50 %00

ito look Into the loss cone for the whole period, providing data PITCH-ANGLE (deg)

o'.er the fU1 pitch angle range. In addition, the pitch angle lig 2 Ty picalI pitch distributions for the seven energy channel (if
di'0rihuJltioS wsere smoothly varying and without signatures ihe data set referred to in Figure I
hat indicaite loss atl the magnetopause.

I inilly. it niit he reiterated that the above test datta set
1A.11 preseles tcd oin tice bases of moderate geomagnetic ac-
fii'. it. iirlcitCii of magnectopause boundary crossing signa- mnany plasma wsave modes imply that the nine terms ott thle

lrce. asoidaince of consectise effects and statistical sufficiency right-hand side of 12) may in general be hopelessly tangled. As
ilone I nce the data set \%as chosen, no other data -sets were a result, it can almost be said thai radiation belt dillusion
anal Is ;ed un t tie tests presented beloss \&ere completed. In theory c-onsists of attempts to consider approxiniationis fi iso-

the course of the ssork. tit, other criterion was applied to the latirig the dominant contributions to the right-hand side of (2).
data and no search for another data set was condjocted. Itncluded in such efforts are attetmpts to discover coordinates

otlier than invariants in which only one or two domiinant

I~fk(W%_ Dfl-5Il% 1 MtOL't-kBUYdiffusion terms and diagonal diffusion matrices can he (lb-
1 hlstiio~u Dnt. it N i i o Oc ti Bi. ttamned. Unfortunately, only one-dimensional considcrations. in

Tfri: framessuA-rk of radiation belt diffusion theory has been radial or in pitch angle diffusion, have previously been at-
based oin the ssell-dcseloped Jacobi-Hamrillton formulation for tempted.
motion i

4 ma~gnetical trapped particles anid the Boltzmann rhe intractability of 12) in any, form more complex than that
equation lor an ensemble of such particles in space [cf. Schul: of a single mode has given rise to the traditional treatment of
tupiJ -tiiit!. 19-~4) In the ideal case, because of the exis- single-mode radiation belt diffusion in sonic single variable.
renc.c of cs'dic, co-ordinates tcorrespondi:ig to the gyration, say 1. in the form
bounce and drift periodic motions. tile state of the radiationf
helr is gji en l' t he siolutiorn to the collisronless Boltzmann's - - / +i Of(3
equation lor thle distribution functon i7 Ti '

Wli. J, (I'! ciirst (ll where K is it Jaicobiari %Nppropriate for the transfortmation
fromt particular canionical terms in 12). / r i; aI los- terni and S

ss here i W,. J. (II ire. respecctl. the tirs(. sccorrd arid third is a source term. Both loss anid source terms are ad hoc repre-
dddh~itic irisariarill. 12 /., 11~ tiile motlion Tii the extent sentations tinder sn hich the effects of other untreated diffusion
that scattcrings oif the traipped particles byv plasma waves in terms are swept Elaborate solutions of initial value problenis;
the man~iretospherc arid by interactions ws ith the collisional for impulse responses in the semi-inhinite time domnain for
mirnisphere at the nirruirs? iiilate the invariants, the dist .ri- single-mode radial diffusion in the ad hoc form of 131. ill wshich
bution I uridergoies redistribution in I Mu. J. (III spatce. or equiv- i = L. have been esolvcd [e.g., Schirt/. 1986. Sdtul: anld
alently . in phase space Tilr, redistributiot if f (is most rigor- Nelssnian. 1987]. Single-mode pitch angle diffusion has also
ousls ireated in kinetic space plasma physics as solutions to beent treated in detail le g, see references tin S( it/s: and V~ani
hIolili,imiiii cqu~fiin IIIthuljloin integrals lliissecr. a Ira- Mu 11974, chap. 2)). Such elaborate solutions to an ad hoc.
iitionit l-ok kcr- l'ianck develiipmeiit of microscopic kinetic onec-dimensional approximation are clearly' of value tn deline-
fhe.'r Icads to, a formulaition of the familiar diffusion picture ating the theoretical behas ior of radiatijon'beltI diffusion in the
for Ashich the cllects of the ahose scatterings in random-phase sIngle chosen satiable i in the semii-inlinie time domain, but
.ie~regyut ire a.imcrnd it) be describecd byN the diffusion equa- progress in deseloping the molirmode area of radiatriin belt
lion dilhiision theory is also called for Let us, now consider the role

LI /of data in the next step in complesitN. i e . in multimode dilo
V (,i. 21 sion i rf inite space-I ilec It is crucial to note that this ness step

calls for 1540 ness elements that wkill require special conisider
ss hisr "ce iss% aidoptcd flie euiricriiion that repeated indi.cs aktionl (11 11iuliimode diliusion. andi (21 finite spalce-Iitre si

.Irc titiricdu ., 'r ftic Lariuinlia iiari.it %ariaibtes In (2). tile Since oui- genieral solution is desehoped ito address these Iso

end gics (t 17, ; .i rli rlc population ire assUrnd sufficietitv issues, at discussion oif eachi is necessary at the outset

high rhir i7. ;,i.-j5. of the ssaleririgs is contained in the Ririiodal dillusion Isimiularieous in radial arid pitch anigle
Cmonni, ,iO hiltioni mains 1),, The searterirugs that forrmiilaitiorns Acere (lhc:ussed earl% inl the deselopnieritio in)auli

%olaic th~e .j,' in-.Iriaril, can. iii vener 0,. sioltc an), ainor belt phissics lornn t 196KX. 7 Jinodoridi.%. 1,4(S. I raoik.

-,wrhinaiwn -i icim it the %.itie lirtie irid the existence of cithIi'i i al. 11)6K. / lt/iamirir andut ti. 1969, WilIr. 171
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11Ici the .hicf difficll' y as in descloping a scheme to un- such a way that derivatives in space and time can be per.
conditionally diagonalhze the dillusion operator so that solu- formed independently. Except by ad hoc assumption and per.
lion,, by the separation of independent variables could be used haps "or geosynchronous satellites under certain geomagnetic
for the dillusion equation. Wlt' C 1970] introduced a variable conditions, no satellite data can satisfy such a c,)ndition As

for the assumption that only single-mode diffu,,ion is oper-
B--- /, (4) ative, it is easy and tempting to argue that the time scales of

which is shown to be approximately conserved by both radial radial and pitch angle diffusion are widely separated so that,
and pitch angle diffusion. In (4). the magnetic field (B) sub- for example, magnetic impulses can cause violation of the
scripts. in and e. refer to the mirror and the equator, respec- third invariant without disturbing the gyration and bounce of
tively. Under the approximate invariance of C, the variables o the particles. Such arguments are well and good in theory, but
and L act as approximate canonical coordinates so that the the fact of nature is that electric and magnetic fluctuations of
diffusion equation can approximately be written in diagonal all time scales have a tendency to occur together. A time span
form (Filthhaintar and Wah, 1969; Roederer and Schulz, 1969] in which magnetic impulses occur is also a likely period for

I ' r ' increased plasma wave activity; therefore it is perhaps futile
f-- (or somewhat vexing) to force what occurs naturally (simulta-

S T(x') Lx i J neous multimode diffusion) into too simple a mechanism even

+ L -' L? - (3 
- 1 though simplicity allows for a higher degree of theoretical

' L -i. -n (5) sophistication in the method of analysis. These are the reasons
,1L LL that we choose to investigate multi-mode diffusion, which is of

where - = cos 2 and T(x) is the quarter-bounce integral, course also beset by its own problems.
which can be conveniently approximated by expansion in sev- For multimode diffusion, the quadrature technique simply
eral slightly different forms [e.g.. Schul: and Lanzerotti, 1974, involves too many partial differentiations of data to be of any
p 1). Darid.on. 1970]. Ilere we use )avidson's formula value. Thus to obtain diffusion parameters in multimode dillu-

) : 1.3802 - 0.6397(l - x 2)3'8  (6) sion, the only available technique is to fit the data to solutions
of (5) under various models of the diffusion coefficients. This.

In (5I. a source term Sim. L) (or a loss term) is not needed to in turn, implies that a measure of uncertainty associated with
represent ellcts of other modes of dillusion, as is customary in the variations of diffusion coefficients of (5) is necessarily
single-mode dillusion treatments, unless a real source (such as mixed with small residual variations associated sith the deli-
neutron decay) exists in the volume under consideration. nition of separable variables discussed abose. These sariations

Indeed, if pitch angle (x) and radial (L shell) diffusions repre- and uncertainties can only be handled in the manner of
sent all the particle transport in the solution volume, the "learning curves," i.e., by sequential improvements built upon
boundary conditions for I specified by satellite observations in a "zeroth-order" analysis. The main purpose of this paper is to
a given finite space-time volume are the "sources" of (5). This develop this "zeroth-order" analysis for multimode diffusion.
point will be discussed more thoroughly below. Because " in As such, we shall make simplifying assumptions on 151 that are
4f is not an exact inariant corresponding to which the i and approximate when considered in the applied mathematics

L terms of (5) are exactly separable, the index v in (5) has a viewpoint but will clearly demonstrate the physical character
vestigial dependence on x. For example. % = 3 at x = 0 for of the solution. Further, a comprehensive solution technique
%hich 0S1 is exact and v 2 at x = I In the region and its application will be developed to test the reasonable-
t - x < (194. v-3 is a very good ipproximation. In the ness of the multimode diffusion paradigm
region 01.94 < I. there are cross-dilfusion, i.e.. ), ., terms "lhe guiding principle of the follo%%ing development is.

in (5) proportional to (% - 3)2(I - 0.2 . These are small and therefore, to obtain an exact solution to a simplfied ,ersion of
wsill be ignorcd. (5) that is easily applied to analyze data without changing the

Aside from the above approximations arising from repre- physical character of the ditlusion equation Note that the
seitational and kinematical considerations in the reduction of emphasis is to obtain an exact solution to an approximate
the full multimode diffusion equation, the bimodal equation equation rather than an approximate solution to an exact

(51, similar to the ad hoc single-mode equation (3), is also beset equation because we have demonstrated above that 0ji. as in
with the same physical uncertainties in the proper forms for the case of single-mode diffusion 13). is by no mcans an exax.
the ditllulon coelficieits Without s imiiltaiicti, and global equation. Thereforc. to the exicnt Ihll (5) Is approsinhlac
nmeisurecents of wave modes and their amplitudes, there is any'way, further simplif *ing assumptions are at cpii lc is

virtually no information on the nature of D,_ and D,.,_ for a long as the% do not change the character of the equation %kc

given radiation belt data set. This major lack of supporting have attempted many optional simplification, of .S but set-

inforumtion for all known data scts implies that one of the tied on the following for bolh mathermniictl and ph),sital rea-
"'zcroih order'" tasks in radiation belt diflusion theory is to Sons (1I We assume Ifs) is cc ntint for milhcnit .,1 con-

determine the approximate properties of the coefficients. In ad venience because the theory of analstc conlinuation over a

hoc single-mode diffusion theory, it is often assumed that a nonsingular domain can be applied to sho% that the solution

diffusion parameter can be derived simply by spatial quadra- character is not changed if "fi"i is in the neighborhood of
ture of the diffusion equation teg., Shiul: i nd Lan:&rot,. units and nonconstant No ,ingularit. of the dillusion eq ua-
1974. chap. 51. provided that the data is sufficientll compre- lion is encountered \%hen 71sf is varying from a constant In
heisisc to allow for accurate determination of der .aties of the vicinit. of unit' lhe impact of this a,.sumpihri on the
dlistibuiiion fumctions and that only a single modc of dilfusion pitch aingle eigenfunctions is er ' small is ,a compairison be-

is opfative on the data set Ilowever. bolh of these are very Iween the ex c cigenfunction of the pitch angle ditfusion op-
re,,lric.s as.uinpiotn% Quadrature techliiques are based on erator in i %,ilh .,triable I1 I ilid Hessel funtions sh Kh ire
the assumption thai satellite observations provide IL. itl ii the cigenluictons for our iplpio ciiiiton. his been given b,
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S, hul: and Lanerottli [ 1974. p 166]. Further, the Bessel fune- DATA SURFACE FINAL\ SURFACE
tions form a conveniently available complete set which can L SURFACE

span the domain I > x > O aside from being eigenfunctions of ,A----------
the approximate pitc:h angle diffusion operator. (2) The pitch, " / -"

angle dilusion coefficient D,, is assumed to be independent of F ,,

1. since the range of L covered in the data set is fairly small. ,' ,,D

The energy dependence of D,_ is to be determined by the data NT IA L

analssis 13) The diffusion equation cannot be solved unless a SURFACC O _ _ _ _

form is specified for the radial diffusion coefficient. This is true 
,, .

in single-mode radial diffusion also. The radial diffusion coef-_. •

ficient D,, is assumed to be of the general form [e.g., Schulz x -
and Lan:t'rttt. 1974. p. 89: Theodoridis. 1968]

Fig 3. Schematic illustration of the boundar., volume in (t. L. it
D,, = ,L (7) space in which the general bimodal diffusion solution is developed

Satellite data to be matched to the solution span lie on the data
%%here " and it are parameters to be determined by the data surface.

analsis. In general. . can be an arbitrary analytic function of
s and energy The energy dependence is determined by apply-
ing the solut:on to each energy channel. If depends on x, (5) 1977]. However. we can think of several factors that vitiate

is still separable but a set of parameters corresponding to the meaning of such a solution and its relevance to data appli-

matrix elements of I in the eigenfunctions of the pitch angle cation. First, radiation belt diffusion processes are currently

diffusion operator must be determined in addition: a special not well known enough to permit single forms and values of

case of which is considered by Walt [1970]. These matrix the diffusion coefficients to be specified for the entire belt.

elements cross-couple pitch angle modes [Falthammar and after all the purpose of data application is to determine the

tia ,/. 1969]. Inclusion of cross-mode coupling is a compli- ensemble of coefficients. Second, the source time scale is not

cation but is not included in this initial analysis: therefore, for well defined for radiation belt particles. What seems to he

this analysis. we assume t to be independent of x to simplify impulsive in one phenomenon need not be so when beheld

expressions It should be noted that. although there is no with the vantage point of another. An important factor which

cross-mode coupling, there is simultaneous bimodal diffusion, determines the appropriate solution to (8) is the space-time

There exists scarce theoretical guidance on the magnitudes of span of the data set. Here two features must be recogni7ed

D, and - in the outer belt, but there are theoretical reasons to with the help of Figure 3. This figure illustrates the satellite

expect that it - 6 - 10 [e g. St hul= and l.an:erotti. 1974. chap. data span and its relation to the appropriate solution volume

3. I.tt e' i(l. 19811 We assume p = 10 in this work. Under in (x, L. t) space. The fundamental nature of nonsynchronous

these simplifying assumptions. the diffusion equation can be satellite data spans is that they lie on a data surface (ABCD on

written the figure) defined by the satellite trajectory Lut). Further. the
time span defines the (L. x) boundary surfaces of the solution

( IiU] D, + --,- Fl ---." 2
-  f ] (8) volume labelled by the Roman letters A to H on the figure In

xt x L 71 such a source-free volume, particles are transported inito and
out of the surfaces ABGH and CDEF by radial diffusion, in

where D,,._1. it and i are considered to be constant parame- other words, these boundary surfaces are also source surfaces

ters Particles are lost through the surface B(G(F which should

This simplilied equation is to be solved in a small finite rigorously lie on x, as discussed above. If the data time span i,

domain I, < .L< I.. expected to be in the outer belt and in less than or comparable to the injection and loss times in the

the pitch angle domain 0 < x _ x,. where x, is cosine of the volume, as is the case in most satellite observations such as
loss cone angle The ellect of pitch angle dilluston is to deline SCATHA. the appropriate solution to be developed is the
pitch angle behavior of I inside and outside of the loss cone general source-free complete-set expansion solution in a linite

boundar% x = x1.) J he dependence of x, on 1. is yet again space-time interval, and not an initial value solution in the

another factor which mixes the v and L operators in 18): how- semi-infinite time domain corresponding to response to a tran-

ever. for the otiter /one region. %%here (I., - I.)1- - 2. x, is very stent (i.e., delta function) source. In the finite space-timeo

nearl, consta tt and unity We assime that x, is constant in domain, the entire spectrum of time constants (rising as %%ell as,

the data span so that separable solutions can be obtained for falling) must be included in the general complete-set expansion

181 with the present test case. This is an important point when because unknown sources (and sinks) outside of the volume

we deal with data from a large domain of I. (such as that from are diffusing particles into (and out of) the finite volume caus-

CRRES) which involves large variations of the loss cone both ing the phase space density or distribution function to increase

from the large variations in 1. and in distances to the mirrors. (decrease) with lime scales that can be comparable to the data

F-or our S(ATHA data set the loss cone dependence on 1. is time span: whereas, in the semi-infinite time domain for the

entirely negligible Green's function, only the falling time response function s

In general man) different kinds of solutsons to 1 can be appropriate To he sure, the Green's function can be applied
developed From the purely theoretical standpoint, a favorite to obtain the finite space-time solution bh applying (iteci

solution is to consider an initial value problem for an impul- theorem onto the boundary surfaces, which involve inegra-

sive source deltied over a semi-infinite time domain and valid tion of Green's function over the surface boundary filv s or

for the ,sp.i,,, if the entire radiation bell Such a solution is their derivatie whenever appropriate I his crucial iniepi ;llol

easily' written form;illy in terms of an eigenfunction expansion Imparts the source time scales onto tihe solution (lie itpor

of the Green s function for the equation le g . 'htiu and Hilton, tant point is that this Integration cons ol e the rising andt
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falling time constants of the surface sources with the natural where k. is the nth zero of the Bessel function J0 . The paramc-
falling timc constants of diffusion to result in a spectrum of tcrs and new functions are defined as follows:
both rising and falling time constants for the spatial eigenfunc-
lions. As a result of this time convolution, the final solution - 3(1 - (p - 2)
for finite volume need not look anything like the Green's func- 2 /
tion that would be developed for the initial value problem
over semi-infinite time. To be sure, all excited states eventually o . + - v (0)
decay by diffusion to equilibrium, but the satellite, with its 2 2 4

finite space-time data span, does not know whether it has I
caught the rising or falling phase of a modal disturbance of 2 -- 2 -

unknown time scale.
These esoteric characteristics of solutions to partial differ- Y.(L) = V! [J ,e(I P.l/LA)]>. (I , ([.I/L l]< (1 1)

ential equations are familiar enough to the theorist; however, ZJ(L) = L! [NI (I/L 1)J, •[K 1 ,(]/.l/LA)] (12)
it may be relevant here to relate the situation to a more intui-
tive and mundane example. Consider the case of heat conduc- J is the regular Bessel function, I and K are the modified
tion in a bar of metal occupying the volume ABCDEFGH Bessel functions, and N is the Neumann function. In the
above. l-he heat diffusion equation is similar in structure to (8) above, the separation constants are r. and fl.. The usual nota-
and a transient response to a heat pulse (Green's function) is tion [g] > is defined in this case by
composed of a spectrum of sinusoids all exponentially decreas-
ing in time with the appropriate rates. However, in order to = g t, >0
obtain the solution for the case of an impressed temperature [g], = I , < 0
field on the surface ABGH that is rising in time, say exponen- and analogously for [g].. The separation constants and pa-
t..illy, the spectrum of sinusoidal modes of heat conduction rameters of the solution are related by the algebraic relationswill ri.c or fall in time each according to their ability to con-
duct the heat to the volume and to the boundary surfaces. = (I - o _ , f 2) (14)
Intuitively. it is easy to imagine that if the impressed temper- T- - 2 X 2 (I)
ature is sufficiently high it may cause the temperature field of a - -D k(
portions of the volume to rise exponentially for a finite time, which will be referred to as separation equations. It is seen
although rising time constants are definitely not in any mode that the single pitch angle mode time constants are negative as
of the Green's function response. This case of transient heat expected, since single-mode pitch angle diffusion always leads
conduction, and the relation between the diffusion Green's to decay. For bimodal and radial diffusion, however, the time
function and boundary conditions, are given by Morse and constants I. can be either positive or negative over a finite
I-'.shhu.h [1953. equation 12.1.5. p. 1587]. The reader can time interval. This is due to the fact that the phase space
easily carry out the Green's function convolution specified density in the finite L domain can rise or fall in time in re-
there to obtain the time response to an impressed temperature sponse to particle transport into and out of the adjacent %ol-
at the boundary surface and demonstrate that over finite time umes, as discussed above. With the sign of each I. not prede-
some modes may be rising while others are falling, termined, the separation constant P. 2 can be positive or nega-

The consequence of the esoteric points discussed above is tive. This is the origin of the (J, I) and (N, K) options of (1i)
that it would be wrong to force satellite data obtained over a and (12). The solution (9) is not the most general solution, for
finite space-time volume to fit an impulsive transient response a separate sum of pure radial modes can be added. We have
solution such as the Green's function. For purposes of satellite not done so for two reasons: (I) we expect that episodes of
data analysis in a finite space-time interval, the appropriate radial diffusion must accompany pitch angle diffusion because
solution to (8) is the solution corresponding to a general of the association of magnetospheric fluctuations of all scales
boundary value problem, and not corresponding to a global with each other and (2) this creates more parameters. As it
response to an impulsive source. Since a general solution can presently stands, only one pure radial mode is included, i.e..
be obtained by eigenfunction expansion of (8i with unrestric- for n = 0.
ted separation constants, which will be constrained by data, Finally. we return to the second feature of satellite data
this convenient property forms the basic principle of data illustrated on Figure 3. In a data analysis effort. the tit of
characteri/ation analysis in this paper. It will be shown later, satellite data is on the (L. ) data surface ABCD. which sam-
based on the success of our data analysis. that this principle pies the boundary surfaces and the volume in a %a% that
can e used to characterize the state of the entire radiation mixes space and time. The tit to the general solution 191 is
belt in a piecewise-contnuous fashion, supposed to yield the parameters (a.. h.. (,. t.. r.i. %hich Aould

inder the precautions discussed above, a general solution allow time constants and diffusion coefficients (D,,. I) I to he
to (81 in finite space-time can be developed [cf Afur.se and determined. Further, the solution in the entire %olume i,, sup-
feshi..,. 19531 in terms of complete-set eigenfunction ex- posed to be determined via the expansion coefficients d.. h.
pansions. In general, there are three modal expansions: (I) .). Clearly. the solution to (91 is not specified b. the data in a
single.mode pitch angle diflusion. (21 single-mode radial diffu- , that is usual t i boundary value problem Because of the
%ion and t31 simultaneous bimodal diffusion Using the device mixing between L and t on the data surface, it is difficult to
of the Kronecker delta i... the three modal expansions can be devise a completely unambiguous procedure to determine all
written in terms of a single eigenfunction expansion of the fit parameters An approximate procedure that %korks

"2 JIl/4. X )I  will be outlined in section 5 1he generalilt. of (9) must not
I-. ,, overshadow the restrictions under %,hich (91is derised. i e . the

, (I assumption of separabilit) of the s and 1. operator% I hu\. the

,1 O,)h''4
"  

4 ll 1,/'.)] (9) data analysis must be conemplated in ierns of a pic e%%c
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procedure, dealing 5% 111 an (L. if volume in which the quasi- EF ; 0 kx~)
Invariance of , is preserved. Our attempt here is to approach f Q.1L, t. E) 6.0 + 01 - 6.) N,11
ihe specification w4ith an appropriate piecewise method, es-

, bishing parameter sets ta.. b.. c,. t.. r.,) for many cases, from yields the pitch angle amplitudes Q., which are nomInall,
%%hich. it is hoped. a "learning cure'" will alloy us to deter- functions of L. t and E. *rhe complete-set property of the
mine approximate specifications of the radiation belts under Bessel functions can be invoked for (16) even if one does not
var:,ous classes of conditions, invoke the solution (9).

i the development up to this point under the simplifying The set of amplitudes Q., separated into energy channels L.
assuciptions is strictly theoretical and exact. From this point must now be resolved into separable functions of time and I.
onward, we shall attempt to test whether bimodal theory (and value, as indicated in the second major bracket in (9) This is a
its solution) is a good description of the data. This confron- somewhat ambiguous task. Several simplifying assumptions
tation is the main objective of this paper. It may be referred to need to be made, even just to ascertain that the space variable
as a "fit." which is really a misnomer since our primary objec- is meaningfully represented by L in a static magnetic field
tive from this point onward is to see if fundamental limitations model over the time span in question. The next step is t,
of the data in mixed space-time can be overcome in the face of assume a procedure to disentangle the mixing of L and I by
purely theoretical requirements of the exact solution. No over- the motion of the satellite. From (9),
all sophisticated "fitting" has been attempted in the radial
diffusion segment of the analysis. Indeed, we deliberately QSL, 11 = c,(l - ,)e', + e'[a.1.L) + bZ(LK, Il1i
avoided "fitting' in this segment in order to determine the Because of the mixing due to satellite motion, spatial effeLt, o
maximal error spread of the exact bi-modal diffusion descrip- scale AL such that (It.i, i 11) - AL/T,.. where rI, is sateltli
tion of the data base. This maximal data spread will be illus- speed perpendicular to the L shell, cannot be distinguished
trated in two ,.ays: (It as error spreads in the determination of from temporal crects. However, effects for which the two
the radial diffusion coefficient, and (2) as error in the three- scales are distinctly difrerent can be identified in the lit. 'I lit
dimensional reconstitution of the entire data base. the data, an ad hoc but reasonable choice must be made I,.

identify the time or space scales to select or to sacrifice in the

4 APpi ICATION TO DATA REPRESENTATION procedure. For the SCATHA data, the coverage is typically

Under the ass.:mption that bimodal d.ffusion is operative, AL - I - 2. unlike satellites at high-latitude elliptical orbit',
the application of the general solution (9) to satellite measure- which cover much larger AL. Therefore for analysis of
ments involes yet other approximations and artifices that do SCATHA data, we have chosen to emphasize the ht of lolig
not relate to the basic mathematical and physical structures of time scales and short L scales, i.e.. we have chosen to ascribe
the solutions themselves. Rather, these arise chiefly from the slow variations along the SCATHA trajectory to tcmporai
limitations of satellite measurements. changes and the last varialions along the trajectory to spatial

Data limitations due to instrument and orbit coverage have changes. Our procedure to effect this assumption is to identiy
been addressed in section 2. Limitations on space-time inter- the time constants to each order by first doing a nonlinear hi
'.ais of coverage have been addressed in section 3. These limi- of each Q. to a simplified version of 117) in which the dalta
tations are relatively easier to deal with than the fundamental variations over the entire space-time span are ascribed to time
mixing of space and time in satellite observations due to the only. This enables us to pick out the time scales of the data,
orbiting motion of satellites. For radiation belt observations, i.e.,
it is somewhat unfortunate that the timescale of the order of
hours is common to both physical phenomena of interest in c.1= I - 5.o)e"" + C.e'" tix)
diffusion theory and to satellite orbits. Thus additional ap- where r, , c and C are constant parameters for this step. If
proximations and assumptions have to be made to bring alues of r., and I are longer than or of order of the data time
theory and data into contact with each other. The use of v
invariant space to examine the corresponding space-time be- span. which happens to be the case in our data set, we can

havior of the distribution function will help us resol%e the proceed with our analysis hypothesized above. If not. the

mixing of space and time in the data. This technique of map- mixing of space and time scales must be disentangled b.

p;ng between (L. x, n1 and invariant space is, however, the invariant-spacc mapping techniques andor the use of proton

topic of another paper. For the present analysis, we shall data, both of which are outside the scope of this paper. Since

assume a procedural chain which will be described below. We this step in the lit does not involve the L dependence, the

shall depend on the internal consistency of our results and amplitudes C. obtained are of no significance. On the other
agreement with analyses ofother data sets tojustify our pro- hand, since c, is the amplitude for single-mode pitch anglecedure diflusion it is not expected to depend on L, therefore t. is

She initial steps of the procedural chain for data analysis accepted as a it parameter o he tinc contans in the a lo,, tI(

under the guidance of utllusion theory suggest themselves in step are constraind not only by the data time span but also

the cigenfunction expansion solution (9). After appropriate or- by (141 and (15). The constraint (141 on i, is somewhat corn-

gan.zation and processing, the set of radiation belt electron plex and will be discussed below. Lquation (15), on the other
shfhand, constrains the dependence of r. on n according to thefluxes such as that ,shown on Figure 2 for a single 1O-min

zeroes of the B s el functions, resulting in only one parancici.inersal. are converted to the distribution function f specified V_ This constraint is easily applied on the nonlinear fii IS)
o.er the pitch ,ingie aind energy ranges, and over the intervals Ha'iing obtained the fit parameters M_)hco rh.. ha fiot tn
of space-lime in 5 hich the data are taken The pitch angle ahov procedure, %e nest obtai ;a t of te . depeimdiit:c
dist.,i tions arc dc,.omp.,sed into amplitudes Q. of the com- abld.n o e ncx( on 19 1 or 1 h1 I. dc L 'nMKl -_
ph tc s t of B escl funt.ti ,ns. vshich. under our stated prem ises, rc sd in to te

are also the complete set of cigenfunctions of pitch angle diffu-
sion This decomposition of the observed distribution function R,.(L) = [QtI.,t0- (.0 S ,le ' " I-],,
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which, according to (17) and our fit hypothesis above, is solely At this point. the analysis can be vicwcd on tso related
a function of L. levels. The first level is to view (9) as a conscnient data repre-

The construction of this residue is algebraically straightfor- sentation tool which compresses many thous..,ds of data
ward. hut care must be taken not to amplify the natural fluc- points into a set of about a hundred fit parameters amenable
tuations in the bracketed difrerence. The above method of to averaging and other forms of processing l'urthcr, thc tool
dcri .ationi forces I r. and It.I to be of the order of or larger is separated but not divorced Iront the solution ul the bimodal
than At, i.e., diffusion equation. As such. this data representation ts also

convenient for interpretation, and for construction of maps of
(I r,, I, I ,,I) > Ar (20) radiation belts under various conditions. The numerical exam-

This constraint also assures that the natural fluctuations in the pies of this paper, to be shown below, are at this leel of
residue R,,(L) will not be amplified by the factor exp (-/t,) for analysis. In this approach, the final product, aside from de-
t, < 0. The criterion (20) allows for a reasonable unraveling of monstrating the efficacy of bimodal diffusion in specifying the
the space-time scale mixing in single nonsynchronous satellite dynamics of the outer belt electrons, is the determination of
observations. diffusion coefficients which can be compared to theory. The

Hitherto in this section, we have treated the application of second level, a natural consequence of the first, is to vieA (9)
the general solution (9) in the form (16) to the data without as the basis of modeling the dynamic behavior of the radiation
making any reference to the property that the expansion is a belt volume appropriate to the data. The data fit to the gener-
general solution. Rather, we have been exploiting the property al solution of the diffusion equation can be used to (I extract
that it is a complete-set expansion not tied to a specific solu- the surface sources of the finite space-time volume correspond-
tion. In other words, the development in this section up to this ing to the solution domain, (2) relate the ensemble of such
point can be effected without reference to the bimodal diffu- extracted boundary conditions to the set of diffusion coef-
sion equation, because (9) can be viewed as a general ficients from a set of satellite data spans, and (3) integrate the
complete-set expansion when all the fit parameters are essen- ensemble of such verified transport parameters for the diflu-
tially considered free. However, our aim is to apply the solu- sion equation into a dynamic model. We shall limit ourselses
tion (9). which is of similar form to (16), with the associated to the first, less ambitious, level of application in this paper
constraints of(9) to the data. The data set consists of 5040 radiation belt electron flux

The next step of the procedure is fitting R.(L) to the L values derived from instrument count rates. These are distrib-
eigenfunctions of the diffusion equation uted among the seven energy channels, the 24 ten-minute flux

averages over the data time span and the 30 pitch angle bins
R,AL) = a Y.(L) + bZ,(L) (21) of 3' each. i.e.. 7 x 24 x 30 = 5040. The fit procedure is. of

I roni it), (Il. (12 and (21), we note that the parameters of course, not to deal with the 504( flux values as independent

this fit are (I, /f.. ,.. h,) which, together with I.. are constrained pieces of data. for these are organized into 7 x 24 = I ON pitch

by (141. Utilizing a large computer, a matrix of these fit pa- angle distributions such as those shown on Figure 2. These

rameters can be cycled and the best fit chosen for each energy pitch angle distributions are subjected to the Bessel function

channel of the data. Such a procedure can be devised as a decomposition (16). We found that the truncation of the sum
matrix diagonalizing routine. For our test case, however, the to n < 4 yielded sufficient fit accur;icy without causing undue

priority is not to attempt such large-scale computations at the burden on a VAX;780 computer. Next. the amplitudes Q. are
outset but to examine the key relationships of subsets of these fitted nonlinearl) according to (I18) to extract the set of time

parameters to the data and, foremost among the various constants I.. the pitch angle diffusion coefficient D,, sia the
issues, to demonstrate that a physically reasonable fit of the time constants r. and the constraint 0 5)) and the set of single-
data can be represented by the general bimodal diffusion solu- mode pitch angle diffusion amplitudes c.. The time %ariations

tion of choice are thus identified in the data In the next step. %%e
We begin the procedure by reducing the number of parame- assume the variations of the residue R. in (19) to he in I. only:

ters to be determined. Previous analyses indicated that thus proceeding to fit the set of residues to the 1. eigenfunc-
2 < ' < 3 [e.g.. Wiest 't al.; 1981]. The expected value of v tions. (21). This fit of the residues .iclds the cilgenfunction
leads to an important simplification with respect to the order parameters fl, and the amplitude parameters ca,. b . shich
of the Bessel functions in (11) and (12). From the definition of completes the procedure in principle. However, these parame-
I. iti the first of the triplet 110). we obtain - 3 16 < r !_ 0 which ters are not entirely free because the final constraint 1141 must
indicates that i. is a small number and the corresponding order be satisfied. J he natural procedure to satiif.% this constr,int.
of the Bessel functions is nearly unity. From (10), the order is without resorting to the matrix diagonahzation method dis-

cussed above. is to recycle the entire procedure hi. using (141
3(I i 2) as the adjustment criterion until a set of It. r.. If. -I thatI I + - 2) (22 minimizes the variance from (141 it reached I his can he done

in principle, although it is some%.hat tedious Vor ihio test
Since the Bessel functions are analytic. slowly varying fune- case. hosseser. it is much more meaningful to shos the con-
tions of the order, we choose to constrain the fit with r = 0 %ergence ofour procedure by displa Ing the %,iri;ince lrorn 141
and ue Ilessel functions of order I to approximate those of in the first pass of the procedure To demonstrate the sari ,nce.
order I + t.. thus resulting in a large reduction of compu- let us focus on (141 as an equation for determining :..i con-
taton With these simpltfications the fit parameters are now siant independent of order to In an\ fit to a contr, int. an
I/f.. .. b.) which are specified by energy channel E and order equation such as 1 141 i satisfied to a minimied s i1.r ,i,. all
of pitch ;angle eigenmode i ()nce the fit for the entire data set of s.hich can be ascribed to :l his is the s'orse cise. for the
Is ohiined. the parameters are used to reconstitute the data s' iriatice is usually shared in a n niiation I he tn-
via 191 A residue distribution is then ca!,u.,,cd to ,est the minimizedf S ariance of : in the hrst pass of the abose pro-
goodness of fit cedure. determined from soloing 114i for all the orders. sill
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PITCH-ANGLE DECOMPOSITION
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Fig 4 Comparison between observed pitch-angle distribution for the 830 keV channel at L = 5.42 (solid curve) and its
reconstitution after decomposition into pitch angle eigenfunctions (dash curve). The fit propagated error bars are shown.

yield a spread of the values of , as function of order. This from the fit parameters at each step of the procedure and
spread as a function of order is a good indicator of the degree compared to the observed distribution function. The variances

of consergence in the first pass of the fit. Further. since is between the reconstituted and observed distribution functions

directly proportional to the radial diffusion coefficient, the are calculated and minimized before going to the next step, for
spread of the values determined by this first pass of the pro- which the cycle is again repeated. Figures 4 and 5 illustrate

ccdure can be compared with the totality of values and vari- this reconstitution cycle for the pitch-angle distribution of the
anccs of the radial ditfusion coefficients determined in the past 830-keV channel. In Figure 4 the comparison between ob-
by methods totally unrelated to this analysis. Thus the spread served data and reconstitution is performed for the pitch-angle
of " obtained in this way acts as an independent and worse- decomposition (16) at L = 5.42 to test the validity of trunca-

case indicator of the goodness of fit for our entire analysis. In tion at n = 4. Figure 5 shows the same comparison after the
this regard. it is crucial to note that ,' does not appear in our entire decomposition and fit procedure has been completed for

solution as a direct fit parameter, rather it is a derived quan- the same 830-keV channel but measured at 1, = 5.59 to show

tity due to the constraint (14). the nontrivial variations in the observed data and the fit.
In summary. this application invok~es, per energy channel. 6 Compared to the pitch angle distribution, the variance be-

time constants (t1 4. D,). 14 amplitudes o , ho 4, c1 _,) tween observed data and fit is increased in the complete de-
and 5 eigenfunction parameters (111,-4, yielding 25 fit parame- composition. This is expected. since it is constrained much

ters per energ) channel or a total of 175 fit constants for the more by the solution to diffusion theory: however, the sub-

entire data set. These are to be compared to the total of 5040 stantial changes of the distribution are well modeled The

data values organized into 168 distribution functions. It errors associated with the fit curves in these two figures are
should be noted that no attempt at organizing the fit parame- errors associated with the data which have been propagated

ters into empirical functions of energy and/or pitch angle onto the fit via the procedure. The original errors are statis-

order n has been made Further, the total number of fit pa- tical errors of the instrument count rates plus 3i, data com-
rameters is exhausted by the above list; thus an enlargement pression error for energy channels below 1.6 MeV. In addi-

of the data span will not introduce any more parameters be- tion. background errors are included for channels above 1.6

cause the above exhausts the count of parameters according to MeV, induced by background counts from a weak radioactive

theory Our ratio of fit constants to data values gives adequate calibration source in the instrument. The data processing soft-

constraints on the lit. With more data spans, such as in dy- ware does make a correction for bremsstrahlung contanti-
namic modeling, the energy and order dependences of the lit nation, which appears primarily at 448 keV, caused by parti-
parameter can further be organized, resulting in a drastic re- cles of energy above 1.6 MeV partially penetrating the detec-
duction in the number of parameters to data values. However, tor shielding. Figure 6 shows a comparison similar to I- igure 5
as it is. the results ,f the fit are excellent, but for the 1616-keV channel at L = 5.42. In this figure. the

In the aboc test procedlire. special attention is paid to original errors associated with the observed data are ,horn
error propagation and goodness of lit at each intermediate for comparison with the fit propagated errors in the presloi,
stage Each indisidual distribution function is reconstituted figures. Figure 7 shows a complete decomposition comparison
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COMPLETE DECOMPOSITION

2 5.55

E - &V0.0

z sC3 Do _

rt to ..... -------

0.5

0

I I I

0 20 40 60 80 100
EQUATORIAL PITCH ANGLE (deg)

lift .. Colnparison between observed pitch-angle distribution for the 830-keV channel at L = 5.59 (solid curve) and its
recoinstitulin after decomposition into the complete solution expansion (dash curve). The fit propagated error bars are
shown. Note the differences with Figure 4.

at L - 5.48 similar to Figure 5 again but performed for the namics may not be related solely to diffusion, which is %hy the
lower energy channel at 203 keV. This fit is worse than those energy channels below 256 keV are excluded from the formal
shown in Figures 4-6. We speculate that convective signatures analysis. Another interpretation is that storm time effects 'Acre
may be present in these lower energy channels and their dy- still prevalent, although no unusual pitch angle distributions
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I ig 45 Sam. as Iitcure 5 eept ihe c.olmparisoln is for the 1616-keV channel at L - 542 and the ortiginal data error bars

are shown.

A-10



(tint f I A L :SIMLTANEOVS RADIAL A NV PIT( it A',6 IF I~Fti ~2029

COMPLETE DECOMPOSITION

DaY= 185

year 1980e

E - 203 0/

SC3 Dote

F,1 to dote-- -- -- --

0.5 31

0

020 40 80 80O 100
EQUATORIAL PITCH ANGLE (deg)

Fig. 7 Samte as Figure 5 except the comparison is for the 203-keV channel at L =5.48.

(ie etci.. 1987] were found in our data base. In Figure 8. on the form of the diffusion coefficients in order to reduce (he
a tall% of the fit crror distributions for the entirc set of data computational effort and although the computation prtocedure
points in all energy channels within L %alucs of 5.45 5.70 is is designed ito test and illustrate the application rather than to
shoss n The error percentage. 100 x Idata fit Idata. for each achieve the best lit, we have heen able to tit the entire data set
data point is computed for each data value. It is seen that the to a general solution %kith a variance level of about 5";.. Our
most probable error is, about 5.We iudge this to bc ade- results and fit accuracies demonstrate that this is an adequate
quate accuracy and to be a reasonable basis for dynamic mod- and potent approach to dynamic modeling of the radiation
eling of the radiation belts. With the method of analysis devel- belts. Obsiously, mans improvements and refinements can be
oped above. we shall be able to distinguish real physical vani- made. Some of these will be dealt with in subsequent work.
ations of the radiation belts from lit noise at the 5"',, level. While thle principal goal of this paper is to demonstrate

data interpretation using the general solution of bimodal dif-
5. DISCUSSION ANt) SU:MMARY fusion in finite space-time volumes. An equally imiportant goal

In the foregoing. we bave demonstrated that a solution oSf is; to densec the phvsieal parameters. I.e.. the diffusion coef-
the binioda I diffusion eq uation appropriate to a finite space- ficients. and to assess them Ii the light of oilier work The
timie s olume describes adequatelN the d~ inamics tif outer-belt pitch angle dillusion coefficient V_, is derised by the insposed
cle(.troris in the spicc-time spin of aI selected SCATH A data lit consi raiint 115)S independent of thle order of tile pitch atngle
set during moderaite geomagnetic acti' it after a major sub- eigetifunction Figure 9 shovks the dens ed V_~ together so ith
stoirm Although simrtie-minded assumptions have been made the it errors ats functions oif energo. In the solution. VI) i

assumned independent of 1. in order ito acltiese scparjbilitt

2S ~From I igure 9. it is seen that D_~ is remarkably constant wirthl
20 etiergv also. except for (lie 448-keV' chiniieh. %~hich has large

20- errors; possibly introduced b3 bremstfrahlung contamitiation.
altlhoiigh correct ins hak e becii nade The niagnit ude of D.,

, le~~)idig to time seaite kia ft 15) i% coisonaniit "itli other dlenii-
is nations of the average pitch ansgle diffusion lifetinic Of about 5

da' s. although molof these are nteigeiifuinclion specific

z *.suied (ile rise tinies to halfr niiii of electron lioxes Ii siiiili
1. sfsefis ininiediatelys after seseral tiagnctic stornist i II

- .~ - (fi~s Magnetic conditionsI Of their caSes Ire quit diltiIL-ii
--- .-- ~ -~- *--fromt ours and thle definitions of time scale are also, diffetrtit
PERCEN60 SO 00 outs Sinice both of tile those (slo fiit-ons vsould tend Ii

I t)"Irkkilik'l 01 pvrrrni.ige fit error, fr Ole ctitire Sri of daia slli i li our iiiiie sciles il' is 11c ii i t N I d ,I%, Ini iIit ,11
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Fig. 9. Pich angle diffusion coeficient as function of energy. Fig. II. Same as Figure 10 except the L value is b.10

scales. The L dependence in their storm time data in the same tion contamination. Since these are results from the initial

L shells exhibited a variety of behavior, bhowing indeoendence pass of the procedure without enforcing the constraint (1 4). we

of L as often as not; therefore it is difficult to sort out the are confident that a reduction of the spread by a factor of at

energy and L shell dependence of D,., at present. least 2 is well within the capab;tit> of the proc.edure without

As we have discussed above, the derivation of the radial jeopardizing the goodness of fit demonstrated in the last sec-

dilluion coefficient serves the dual role of providing for physi- tion. Still, the spreads of DLL derived in this initial pass are

cal data in the outer bell, which can be compared with other already considerably smaller than most previous determi-

dctcrminations from direct partlcle observations [e.g.. Kav;a- nations from particle data, which frequently showed spreads

niaiujli, 1968; Newkirk and Wall, 1968b; Cornwall, 1968; Lan- of 1-2 orders of magnitude for DLL within the same data set.

:erotti el al., 1970: West et al., 1981], and of testing indepen- Figure 12 shows a comparison of the spread of values of DLL

denily the adequacy of our application to the data. Figures 10 over the high-energy range determined by this unconstrained

and I I show scatterplots of DLL for the energy channels indi-

cated and for L values of 5.3 and 6.1. respectively. As has been

discussed above, scattered values of DLL result from our delhb-

eraiely not enforcing the constraint (14) in a cycled fit pro- 103

cedure in order to evaluate the worst case variance of the fit

by solving (14) for ,' at each order. This deliberate procedure 10 2 1

produces a DL., for each order in the energy channel, account- 2. 0 i i
10 -. e

Ing for the spread of values on these figures in each energy

channel. The values of DLL so determined have a spread of a l

factor of 2-5. with the largest spreads concentrated in the I 1 0. e MeV

lower energy channels where we have noted possible convec- -
1° -2 ---__ '"', ' , e

10 ________________________________

2, / 4

-I / - '-

1 ___ tO i

3 '1

T L

Fig 12 Comparison of the radial ditflusion coeficienI determined
for the energy range of0.8 20 MeV (mottled area holvinp de.reasing
I hading .h incrca sing energ,) wIh the ci'mpilhii n of It I ef a1
I 19911. whose indiidual analysis yields curse I Cures 2 h are ex-

1, L ,,,_J perimental cuve 2. 7nmas.%an el al [ 1972]. curse 1. I' r,/'- [ 19(,9],
0 00o c'CoO '5cC 2~Ct. 2500 cure, 4. 6. Ne~krA and Walt [L9686j. falghamm,ar L19711] curs" -.

L'.'se,~ .%o,,,1/rk and Itait 11968a). curse 8. Kaianauqh [I6%1 Cur'r, 14

I ig I0 Radial diflusion coefficient as function of energy at are Iheoretlical or semriheoretical curse 9. Naada and Mead [ 11-
L - stll 1 he %pread of values for each energy is a measure of the curse 1O, Tiersko, (1965). .urse II. Ithramshm I IQVQ]. cur',e 12.
worse-cae variance in its determination 13. Co'rnma ll [ 1966;, curse 14. H ,l: orth and fo:ir W9 I
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rig 13 Three-dimensiondl presentation of the phase space densitN of the data base and its reconstitutions for the

830-keV channel in pitch angle and space-time. Figure 13a shoiss the data base. Figure 13b is the reconstitution after
filling the pitch angle eigenfunction decomposition (16) Figure 13, is the reconstitution after the space-time unmixing
procedure and radial diffusion analysis 17) have been applied without the benefits of a fitting procedure.

test pass plotted as function of L and compared with the to determine the maximal spread of the radial diffusion coef-
up-to-date compilation of all DL, determinations given by ficients; therefore, the error in Figure 13c, relative to Figure
Ve.st er al. [1981]. Note that the determined radial diffusion 13a. reflects the error distribution in Figure 8 and manifests

coefficients agree well with the storm time data of Tomassi,,i itsclf as the spread of radial diflusion coefficients shown in
et al (1972]. Since the data on Figure 12 are from a mixture Fioures 10 and 1. This unfitted reconstruction explicitly dem-

of energies. it is difficult to test the energy dependence of the onstrates the effects of the high-percentage tail of Figure 8.
radial diffusion coefficient, which decreases with increasing The basic trend of the data reconstruction reflects the effects
shading (lower energy). Thus this independent test of the ade- of the most probable part (5o,,) of the error distribution in
quacy of the general solution to bimodal diffusion to represent Figure 8. It is clear from a comparison of Figures 13a and 13,

outer bell electron data is not only satisfactory but actually that their basic trends agree. It is also likely that the increased
indicates an improvement over previous analyses, which were error in the unfitted second (radial) phase of the analysis orig-
restricted to single-mode diffusion. mates from the ad hoc unmixing of space and time variables

Finally. to demonstrate the multidimensional nature of our necessary in any multidimensional analysis of data from a

analysis and the ability of the exact bimodal solution to repre- mosing satellite. Further investigations on the unmixing pro-
sent data. we show on Figure 13 the specification of the entire cedure may be necessary, if a lilting procedure does not reduce
data base of the 830-keV channel in pitch angle and space- the unfillcd errors.
time (Figure l 3at, its reconstitution after filling of the pitch 'The ultimate goal of an analysis such as in this paper i,; to

angle eigenfunction expansion lFigure 13h) and its reconstitu- obtain a proper theoretical foundation for dynamic modeling
lion from the complete eigenfunction expansion after the ad of the radiation belts We have not achieved this goal by far.
hoc unmiitxi g o srae and time in the radial diffusion seg. but %e have demonstrated that our approach has %a%1 poltn-
ment of the analis 0 Figure 13i As is discussed abose, a t al to quantitatively interpret data and achieve a higher leel

fitting pro.cdure has not been applied to Figure 13/t in order ofr :I.,Cii';, 71 determination of ph.ysical parameters l'
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achicve dynamic modeling in the outer belt, an important M6cll%%ain. C E.. Coordinates for mapping the distribution of nig.
hurdle, alluded to previously. is that the L shells are time- netically trapped particles. J Ge'pliis Re%., 66. 3681. 1961
dependent even during moderate geomagnetic activity, re Morse, P. M.. and H. Feshbach, Methods of Theoretical Pht is. 1978

pp.. McGraw-Hill. New York. 1953suiting in not just another scale to be disentangled but also in Nakada. M. P.. and G. D. Mead. Diffusion of proton% in the outer
Jda:i, cf1ects of dijfl loss through~ the magnetopause bound- radiiaiion belt. J. (7enpliv. Rei.. 70, 4777. 1965
a ry. Lo.iss hi usivlric% can he iiccom nit Ida ted naitIu rally in the Newk irk. L. L.. id M.- Wiith. R iidiai dil iiioii cocficieii i for cc-
cigenfunction solution formalism; however, the choice of triiit at low L values, J 6eiiphi-s Res.. 7.3. 10113. l9h8 a

phas spce s reresntaion oorinaes my nt b as Newkirk, L. L., and M. Walt. Radial diffusion coefficients for elec-phas spce s reresntaion oorinaes my nt b as trons at 1.76 < L < 5. J. Geciph vs. Res., 73. 7231. 1969h~
powerful as the use of invariant space in this regard. Our Olson, W. P., K. A. Pfitzer. and G. J. Morz, Modeling the mag-
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I netospheric Processes, edited by W. P. Olson, p. 77. AGU. Wash.
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HIGH-ENERGY OUTER RADIATION BELT DYNAMIC MODELING

Y. T. Chiu, R. W. Nightingale and M. A. Rinaldi
Lockheed Palo Alto Research Laboratory
3251 Hanover St., Palo Alto, Ca. 94304

ABSTRACT

Specification of the average high-energy radiation belt environment in terms
of phenomenological montages of satellite measurements has been ac.ilable for
some time. However, for many reasons both scientific and applicational (includ-
ing concerns for a better understanding of the high-energy radiation background
in space), it is desirable to model the dynamic response of the high-energy ra-
diation belts to sources, to losses, and to geomagnetic activity. Indeed, in the
outer electron belt, this is the only mode of modeling that can handle the large
intensity fluctuations. Anticipating the dynamic modeling objective of the up-
coming Combined Release and Radiation Effects Satellite (CRRES) program,
we have undertaken to initiate a study of the various essential elements in con-
structing a dynamic radiation belt model based on interpretation of satellite
data according to simultaneous radial and pitch-angle diffusion theory. In order
to prepare for the dynamic radiation belt modeling based on a large data set
spanning a relatively large segment of L-values, such as required for CRRES, it
is important to study a number of test cases with data of similar characteristics
but more restricted in space-time coverage. In this way, models of increasing
comprehensiveness can be built up from the experience of elucidating the dy-
namics of more restrictive data sets. The principal objectives of this paper are
to discuss issues concerning dynamic modeling in general and to summarize in
particular the good results of an initial attempt at constructing the dynamics of
the outer electron radiation belt based on a moderately active data period from
Lockheed's SC-3 instrument flown on board the SCATHA (P78.2) spacecraft.
Further, we shall discuss the issues brought out and lessons learned in this test
case.

FORMULATION

Some two decades of satellite observations have shown that the electron ra-
diation flux (including the satellite-damaging electrons of >500 keV energy)
in the outer belt fluctuates by orders of magnitude in response to geomag-
netic activity. Some typical fluxes and spectra measured by the SCATHA SC-3
instrument 1 ' 2 ,3 are shown in Figure 1. The practical need to characterize and
predict these large radiation fluctuations for satellite survivability considerations
requires an understanding of their dynamics beyond phenomenological corre-
lations; thus, the need for dynamic modeling of the outer electron belts was
initiated.

In its most comprehensive form dynamic modeling involves a theoretical
accounting of the flux responses in terms of fundamental processes of electron
transport and loss in the magnetosphere. Since we are dealing with energetic
electrons, a Fokker-Planck description of the transport processes naturally leads
to a diffusion picture in terms of several independent variables characterizing
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the population.

Diffusive transport of energetic particles in the magnetosphere is an excel-
lent theoretical approach to outer-belt dynamic modeling, but the latter involves
much more. The constraint of satellite data and conditions of the magneto-
sphere play roles in dynamic modeling which are as important as the diffusion
theory itself. In the outer belt the magnetic field is transient. Plasma and
field conditions encountered by a drifting electron vary drastically and parts of
the energetic particle population may even cross outside of the magnetosphere.
Thus, dynamic modeling involves an accounting of fields and magnetospheric
boundary configurations as much as diffusive particle transport. All of these
elements are integral parts of a dynamic model of the outer electron belt.

10 6-

SCATHA SC3 AND AE-II MODEL

1 0s L - S.) - S.I

, 101
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28 NO 197
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Figure 1. Sample spectra showing the variation of outer-belt elec-

trons obtained in 1979 and 1980 by the Lockheed SC3
instrument. Phenomenological models based on 6-month
averages of the data can be in error by an order of mag-
nitude or more.
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To illustrate the complexity that a dynamic model must deal with, Fig-
ure 2 shows a survey of the high-energy electron characteristics encountered by
SCATHA in an active period on day 115 of 1979 in which a moderate magnetic
storm occurred, with a sudden commencement just prior to the start of the day
and a maximum D.st of -148 -y. Just before 18:00 h LT there was a brief en-
hancement of electron fluxes that may have been an adiabatic compression event.
"Butterfly" pitch-angle distributions, indicating loss of 90' pitch-angle particles
at the magnetospause, were seen at all energies for almost 2 hours, after which
the lower-energy electron fluxes recovered to their previous levels. Shortly after

MAGNETOPAUSE SCATHA ORBIT

/ -

/ -- L--
. LT 00

Figure 2. A montage of electron flux characteristics encountered
by SCATHA on day 115 in 1979. The inset figures are
schematics of pitch-angle distribution with 900 pitch an-
gle placed at the center.
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midnight, there began a succession of substorms, with deep flux dropouts over
the portions of the orbit shown as dotted lines in Figure 2. The dropouts exhibit
the expected correlation with the geomagnetic activity indices, particularly AE.
These were followed by rises in the flux levels that can be interpreted as a fresh
arrival of electrons on the observed flux tubes by either injection or compres-
sional changes of the magnetic field. Such active periods are usually recognized
by decreases in the total flux and the occasional appearance of nearly isotropic
pitch-angle distributions as shown on the Figure. In the morning hours, typical
"hat" distributions, indicating enhanced fluxes of 90° pitch-angle particles, are
encountered.

In view of the complexity of the above data, it is sensible to separate the
elements of outer-belt dynamic modeling into modules which can be individually
formulated. Thus, our approach to dynamic modeling is to initially treat each
of the following elements as if they are not related, but bearing in mind all the
time that they are to be integrated into a whole. These elements are:

(i) Transport, injection and loss of trapped energetic electrons in terms of dif-
fusion in phase space;

(ii) Description of the space-time variations of the geomagnetic field;

(iii) Physics of transport parameters.

The principal topics of this paper deal only with issues arising out of the
diffusion physics [item (i)J. The diffusion physics, which is the fundamental ba-
sis of a dynamic model, appears initially to be mostly straightforward, although
mathematically cumbersome. However, it turns out that the boundary condi-
tions corresponding to satellite data can become a major issue to be resolved
irrespective of the chosen diffusion formulation. Since the boundary data issue
is central to all schemes of dynamic modeling, we discuss it at the outset.

On the least ambitious level, dynamic modeling can be viewed as a means
of projecting radiation belt data obtained along a satellite track by physical
means to specify the radiation environment throughout some reasonable re-
gions not on the satellite track. As such, the selected diffusion treatment is the
projection mechanism and the in-track satellite data is the raw material to be
processed: the "boundary" values for the diffusion physics. However, satellite
measurements, obtained on a space-time trajectory, are not standard boundary
conditions stated at fixed time or space coordinates to define either initial-value
problems or boundary-value problems of diffusion theory. The situation for dy-
namic modeling is different from these simple boundary-value or initial-value
cases. Figure 3 illustrates the satellite data spaq and its relation to the appro-
priate solution volume in (z, L, t) space, where x is the cosine of the pitch angle
and L is the Mcllwain parameter. The fundamental nature of nonsynchronous
satellite data spans is that they lie on a data surface (ABCD on the figure)
defined by the satellite trajectory L(t). Further, the time span defines the (L, z)
boundary surfaces of the solution volume labelled by the Roman letters A to H
on the figure. In such a source-free volume, particles are transported into and
out of the surfaces ABGH and CDEF by radial diffusion; in other words, these
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Figure 3. Schematic illustration of the boundary volume in (r, L, t)
space in which the general bi-modal diffusion solution is
developed. Satellite data to be matched to the solution
span lie on the data surface.

boundary surfaces are also source surfaces. Particles are lost through the surface
BGCF through pitch-angle diffusion into the loss cone, approximately signified
by z = 1 here. If the data time span is less than or comparable to the injection
and loss times in the volume, as is the case in most satellite observations such
as SCATHA, the appropriate solution to be developed is the general source-free
solution in a finite space-time interval, and not an initial-value solution in the
semi-infinite time domain corresponding to response to a transient (i.e., delta
function) source. In the finite space-time domain, the entire spectrum of time
constants (rising as well as falling) must be included in the general complete-set
solution expansion because unknown sources (and sinks) outside of the volume
are diffusing particles into (and out of) the finite volume causing the phase-space
density to increase (decrease) with time scales that can be comparable to the
data time span. In contrast, in the semi-infinite time aomain only the falling
time response function is appropriate. To be sure, this Green's function can be
applied to obtain the finite space-time solution by applying Green's theorem onto
the boundary surfaces4 . This crucial integration imparts the source time scales
onto the solution. The important point is that this integration convolves the
rising and falling time constants of the surface sources with the natural falling
time constants of diffusion to result in a spectrum of both rising and faling time
constants for the spatial eigenfunctions. As a result of this time convolution, the
final solution for finite volume need not look anything like the Green's function
that would be developed for the initial-value problem over semi-infinite time. To
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be sure, all excited states eventually decay by diffusion to equilibrium, but with
the satellite data span, over a finite space-time interval, we do not know whether
it has caught the rising or falling phase of a modal disturbance of unknown time
scale. For the SCATHA orbit, space and time are relatively distinct since the
range of L covered by the satellite is small. However, for highly elliptical orbits
(such as for CRRES) space and time on an orbit are not linearly related. We
shall see that under such circumstances the satellite data set acts as a highly
nonlinear boundary for the dynamic model.

The consequence of the esoteric points discussed above is that it would
be wrong to force satellite data obtained over a finite space-time volume to
fit an impulsive transient response solution such as the Green's function. For
purposes of satellite data analysis in a finite space-time interval, the appropriate
solution to diffusion theory is the solution corresponding to a general boundary-
value problem4 , and not corresponding to a global response to an impulsive
source. Since a general solution can be obtained by eigenfunction expansion
with unrestricted separation constants, which will be constrained by data, this
convenient property forms the basic principle of data charactrization in dynamic
modeling. It will be shown later, based on the success of our data analysis, that
this principle can be used to characterize the state of the entire radiation belt
in a piece-wise-continuous fashion.

Given the above general property of radiation belt dynamic modeling, let
us proceed to consider our test case4 for which we choose to specify the diffusion
physics in a static magnetosphere in (z,L,t) space as illustrated in Figure 3.
[The choice of spaces to characterize radiation belt diffusion is not arbitrary.
This complex issue is treated elsewhere4 .] Our choice of diffusion description
is that of simultaneous multi-mode diffusion theory. The multimode diffusion
equation can be simplified 's , under a number of reasonable assumptions. One
of these is that the L-dependence of the radial diffusion coefficient DLL can
be parameterized as DLL = L" where and 1 are parameters to be deter-
mined by the on-trajectory satellite data. The diffusion equation for the electron
distribution function f can be written

-f=Dx [,2f +!Iaf + L-2 + f s,49L'+2 -iEJP

where D., (the pitch-angle diffusion coefficient), , p and v are considered to
be constant parameters.

This simplified equation is to be solved in a small finite domain L, < L <
L,, expected to be in the outer belt and in the pitch-angle domain 0 < z ez
where x, is cosine of the loss-cone angle. The effect of pitch-angle diffusion is
to define pitch-angle behavior of f inside and outside of the loss-cone boundary
z = z,(L). The dependence of z, on L is yet again another factor which mixes
the z and L operators in (1); however, for the range in our test case in outer
zone region, where (L. - Lf) _< 2, z is very nearly constant and nearly unity.
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We assume that z is constant in the data span so that separable solutions can
be obtained for (1) with the present test case. This is another important point
when we deal with data from a large domain of L (such as that from CRRES)
which involves large variations of the loss cone both from the large variations in
L and in distances to the magnetic mirror points. For the SCATHA Lest case
the loss-cone dependence on L is entirely negligible.

Under the approximations discussed above, a general solution to (1) in finite
space-time can be developed 4 in terms of complete-set eigenfunction expansions.
In general, there are three modal expansions: (1) single-mode pitch-angle U'f-
fusion, (2) single-mode radial diffusion and (3) simultaneous bi-modal diffusion.
Using the device of the Kronecker delta 6 n0, the three modal expansions can be
written in terms of a single eigenfunction expansion

f = [no +(_1 - b.o),, Jo(knz/,) (,- +o)e'/'" + ,,,, (2a)
= zc Jl(k.)

h(L, t) = e/t" [anY,(L) + bnZ,(L)] (2b)

where k, is the n 1h zero of the Bessel function J0. The parameters and new
functions are defined as follows:

3(l - )/(, - 2)
2

- 1 3
0, - - V(3)2 2 4

1

2

YZ(L) = L'. [+,(I X O, I /L")]> • [I,+.(I On,, I /L)]j< (4)

z,.(L.) L' .-, [N,+,(! 0.,, ILL")]. [K,+,(I On, I /LA)]< (5)

J is the regular Bessel function, I and K are the modified Bessel functions, and
N is the Neumann function. In the above, the separation constants are tn and
O,. The usual notation [g]> is defined in this case by

fgj> =g if tn>O

(6)

[g]> = 1 if tn<0

and analogously for (g)<. The separation constants and parameters of the solu-
tion are related by the algebraic relations
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n1 = (1 - -0 _ 0 - A2  (7)

- D..kn c(8)

which will be referred to as separation equations. It is seen that the single
pitch-angle mode time constants are negative as expected, since single-mode
pitch-angle diffusion always leads to decay. For bi-modal and radial diffusion,
however, the time constants t,, can be either positive or negative over a finite
time interval. This is due to the fact that the phase-space density in the finite

L domain can rise or fall in time in response to particle transport into and
out of the adjacent volumes, as discussed above. With the sign of each tn not
predetermined, the separation constant 2 can be positive or negative. This is
the origin of the (J, I) and (N, K) options of (4) and (5). The solution (2) is
not the most general solution, for a separate sum of pure radial modes can be
added. We have not done so for two reasons: (1) we expect that episodes of
radial diffusion must accompany pitch-angle diffusion because of the association
of magnetospheric fluctuations of all scales with each other and (2) this separate
sum creates more parameters. As it presently stands, only one pure radial mode
is included, i. e. for n = 0.

s. a
9 (a!Figure 4.

5. Illustration of the nonlinear nature of fitting the
representation (2) to data. In all panels, the func-

6.2 (-ion h(L,), (2b). is plotted with the same set of
.arbitrarily chosen constant parameters. The solid

a 6.0 4 X lines are contours of h(L,i) and the dashed lines

grid. Panel (b) is for L(f) specified by SCATHA
S. orbit and panel (c) is for the CRRES orbit. Note
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Having now specified a general solution of the chosen diffusion theory, we
can quantitively illustrate how the satellite trajectory L(t) impacts the charac-
terization of radiation fluxes away from the trajectory. The idea is of course
central to dynamic modeling and is very simple: determine the parameters of
the solution with on-trajectory satellite data then the solution yields fluxes at
all other (x, L, t) points. But as pointed out above, the problem is that the
satellite trajectory mixes L and t, i.e., L(t), which complicates the fit. For
near-synchronous satellites such as SCATHA for which only a small range of L
is covered in an orbit, the effect of space-time mixing is quite minimal. This
allows us to complete the test case shown in the next section. For the more
comprehensive situation of highly-elliptic orbits such as that for CRRES, which
attempts to specify the radiation belts over a wide range of L, the trajectory
L(t) is a non-Linear function of t, requiring a non-linear fit for the determination
of the diffusion parameters. This significent complication is illustrated in Figure
4 which shows plots of the function h(L,t) in (2b) for three situations: (a) L
and t independent, (b) SCATHA orbit on which L is nearly independent of t
and (c) CRRES-like orbit on which L is strongly dependent on t. The strong
distortions on panel (c) for h(L(t),t) relati"c to the same function h(L,t) on
panel (a) signifies that dynamic modeling in conjunction with a satellite data
base involves much more than obtaining solutions to diffusion theory.

-57 10
> 260 keV

v .26 eV,-,--- - -

288 ke - '

3 3448 keV
10

E 830 e
U &
1 0 22 2 2 2 26616 ke

2011 keV
Z 101
0

-J -1
W10

18 19 20 21 22 23 24
D UNIVERSAL TIME (h)

u. J

7.03 6.70 6.37 5.97 5.64 5.42 5.31
L

Figure 5. Ten-minute averaged electron fluxes integrated over all
pitch angles for 7 energy channels measured by the Lock-
heed SC3 instrument on board SCATHA during day 165,
1980. This is the data set to be analyzed in this paper.
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TEST CASE VERIFICATION
Notwithstanding the difficulties of applying radiation belt diffusion theory

to dynamic modeling in the comprehensive situation of the expected CRRES
data base, it is of interest to test whether multi-mode diffusion theory ade-
quately describes the simpler on-trajectory SCATHA data base. This section
summarizes the results of such an investigation 4.

The Lockheed SCATHA SC3 data base' 12 '3 consists of - 950 days of dig-
itized data on magnetic tape from launch in 1979 to the present in several
intervals. The pitch angle for each accumulation period is determined using
data from the on-board vector magnetometer (SCll). From the data tapes a
condensed data base of 10-min averaged, pitch-angle binned electron fluxes for
the 24 energy channels over the full energy range of 47 to 4970 keV, has been
generated for on-line storage on a VAX 11/780 computer. For each 10-min time
interval the data are grouped by pitch-angle values into 3° bins from 0° to 90 ° ,
making 30 pitch-angle bins for each energy channel in the interval.

The SCATHA SC3 temporal data set for this verification was from the latter
portion of day 165, June 13, 1980, a moderately active period with Kp = +4
and Dst = -50. Two days earlier a geomagnetic storm had occurred, but the
magnetosphere had since relaxed enough that the observed electron fluxes on
day 165 were smoothly varying with no pitch-angle signatures of particle loss in
the magnetopause. Figure 5 shows the 10-min averaged data integrated over all
pitch angles for 7 channels of electron flux. During this period the spacecraft

>05 ,,,

,.. ,-260 keV

0104

i ..... 30 kev
y keV

211 keV"

103 keL= V6

w
w Dst = -19WIMAe = 7 19U 10 L = 5. 69

D 0 20 40 60 BO 100
_,
W. PITCH-ANGLE (deg)

Figure 6. Typical pitch-angle distributions for the 7 energy channels
of the data set referred to in Figure 5.
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was drifting inward from L = 7.2 to L = 5.3. The L-sheU range included in the
analysis has been restricted to L < 6.48 to eliminate the large variability of the
electron fluxes beyond the geosynchronous region 7 and the low count rates due
to the approximately exponentil fall off with increasing L-shell1 . In addition we
have selected for the formal analysis only those data channels above 256 keV so
as to eliminate channels which are most likely to be affected by convective forces
resulting from consequences of the major storm preceding the data period. Data
with electron energies above 2208 keV have low statistics and are also excluded
from the data set. Figure 6 illustrates typical pitch-angle distributions during
this time for the selected energies. Although the period was moderately active,
the magnetic field was smoothly varying, with a field direction that remained
perpendicular to the spacecraft spin vector. This allowed SC3 to look into the
loss cone for the whole period, providing data over the full pitch-angle range.
In addition, the pitch-angle distributions were smoothly varying and without
signatures that indicate loss at the magnetopause.

The application of the diffusion theory summarized above to the SC3 elec-
tron data for day 165 has been discussed in detail in an earlier paper'. The
verification that the theory is a good description of the on-trajectory SCATHA
data is indicated in Figure 7, in which the entire data set is shown in Panel(a)
as a three-dimensional plot in terms of pitch angle and L(t). Panel(b) shows the
reconstructed data . t after it has been decomposed into a sum of pitch-angle
eigenfunctions truncated at tne fourth order. Comparison of Panels (a) and (b)
shows that the pitch-angle eigenfunction series is a very efficient representation
of the data set. In Panel (c) we also show the reconstruction of the data set
after decomposition in (z,L,t) space, using the property that L and t are ap-
proximately decoupled for the SCATHA orbit as illustrated by Panels (a) and
(b) of Figure 4. In order to show the worst case scenario we show in Panel (c)
of Figure 7 the reconstruction after the first iteration of the decomposition; we
have not attempted to obtain the best solution at this time. As we can see by
a comparison of the panels in Figure 7, we conclude that multi-mode diffusion
theory in a fairly simplified form is a good representation of the electron outer
belt fluxes. This implies that multi-mode diffusion theory can be used as a
fundamental basis of radiation belt dynamic modeling.

Verification that multi-mode diffusion theory is a good basis for radiation
belt dynamic modeling involves more than just data representation and the
implied power of flux mapping throughout the entire belt, although the appli-
cational needs are focused onto this area. From the science view point, an im-
portant part of dynamic modeling is the determination of transport parameters
which are related to the microscopic physics of wave-particle interactions in the
magnetospheric plasma. The above data representation exercise yields physical
diffusion parameters with maximum error spread factors of 2-5 that can be com-
pared to other determinations. The radial diffusion coefficient DLL determined
in our exercise and shown on Figure 8 as the shaded trapezoid region compares
well with other determinations. Indeed, our determination is able to obtain the
energy dependence from 0.8 MeV to 2.0 MeV. Our pitch-angle diffusion coeffi-
cients are also in good agreement with other studies 4 . These give confidence that
our dynamic modeling exercise is not in conflict with independent expectations.
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FURTHER ISSUES IN DYNAMIC MODELING

The test case exercise 4 summarized above may have resolved an important
issue in radiation belt dynamic modeling, nameiy that multi-mode diffusion
theory is a viable basis for dynamic modeling. However, there are several other
issues that must be resolved before CRRES-like applications can be made. Here
we sha&U discuss what we preceive to be the two most important issues.
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(A) Flux mapping: The representational use of dynamic modeling must
clear another hurdle before it can be made operational. The issue arises be-
cause of the multi-dimensional nature of phase space. Instead of basing the
discussion on phase space mapping in the abstract, we can illustrate the issue
with our familiar (L,t)-space. Armed with a diffusion theory representation
tested on-trajectory, as in the exercise above, we can obtain fluxes at any given
off-trajectory point by "mapping" the on-trajectory flux utilizing the representa-
tion. Without a general representation such as (2), the mapping is not unique if
it is not based on a solution of the assumed diffusion physics. Figure 9 illustrates
this mapping based on the assumed diffusion theory of the SCATHA tezt case
above. The fluxes at Point 2, outside of the SCATHA trajectory, are uniquely
specified by the diffusion parameters based on the fitted fluxes (dashed curves)
on all points along the SCATHA trajectory between Points 1 and 3. In this re-
gard, uniqueness is somewhat relative because it depends on the errors involved
in specifying the on-trajectory diffusion parameters. A case of extreme constrast
to Figure 9 is to imagine that no solution of diffusion theory was available as the
basis for dynamic modeling. In such a case, Point 2 can still be mapped in (L, t)
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from Point 1 or Point 3 along t and L axes, respectively, by some phenomeno-
logical construct. Indeed, a large multitude of such mappings can be made to
Point 2 from data on the trajectory. Since these individual mappings need not
be consistent with each other, the uniqueness (within observational errors) of
the predicted flux at Point 2 will be lost without the diffusion representation as
a consistent basis for the mapping. Having a diffusion representation, however,
does not free us from the fetters of non-uniqueness. Indeed, the errors incurred
in finding the on-trajectory diffusion parameters operate in the same way as
the inconsistent multiple mappings. Similar to these, the errors tend to vitiate
the validity of a given representation for dynamical modeling. There are two
necessary elements in ensuring "uniqueness' in data mapping. The first is to
minimize errors in diffusion parameters for a given test diffusion representation.
The second is to determine the most "unique" representation among several
theoretical specifications of the diffusion physics. The first element is much eas-
ier to carry out than the second since the only way to insure that a diffusion
representation is "unique" is to show that it works in practice. The theory of
transport coefficients in the magnetosphere is presently not advanced enough to
allow us to choose the "unique" physics on an a priori basis.

(B) Invariant Representations: An area of dynamic modeling not touched
upon above is the validity of the implicit assumption in the test case that fluxes
on the same L-shell are the same at the same time and energy. We know from
Figure 2 that on the time scale of a day this is not true as effects of magnetic
and electric shell-splitting, local injections and losses introduce a local time
(azimuthal) dependence upon the data. This crucial aspect of radiation data is
under current investigation on a case by case basis 20 ; however, there is currently
little work done on how these effects can be incorporated into a dynamic response
model. A possible solution to this important problem may be to return to the
most fundazitm , al representation of radiation belt diffusion physics, i.e., that
of diffusion in adiabatic invariant space rather than in its various reductions to
configuration space 4 , such as in the above. The abstraction required to treat
data at such a level is somewhat of a drawback; however, a test case attempt is
needed to identify the detailed issues involved.

CONCLUSIONS

Various elements required in radiation belt dynamic modeling have been
discussed. It is seen that dynamic modeling differs fundamentally from radiation
belt data analysis in that a theoretical representation of the on-trajectory data
set is required to predict fluxes outside of the satellite orbit. The faithfulness of
the projection depends on whether the representation is a good description of the
physical diffusive processes seen in the on-trajectory data. We have summarized
the result0 ,f a tcst case study 4 on such a tractable representation which yields
results consistent with basically all other measurements in the moderately active
outer electron radiation belt. The resolution of a number of important issues
brought out by the examination of the test case awaits further work before
operational dynamic models can be constructed.
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A NONLINEAR MODEL OF WAVE-PARTI1CLE INTERACTIONS IN '111YRAI'l'iKD)
RADIATION BELTS: AUMORAL PULSATION SOLUTIONS
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Abiaca. The interactions of waves and trapped elec- it provides, for thre first time, explanation- to a number
trons are described by a closed system of three nonlin- of nonlinear features of the morningside wirora.

ear coupled equations. The model has applications to Nonlinear processes are expected to govern the inter

many aspects of wave- particle interactions in the magne- actions of waves and particles in the mOiter regions of
tosphere. Nonlinear numerical solutions pertinent to au- the magnetosphere. In the approach adopted here, the

rora] pulsations have been computed for realistic ranges growth of VLF waves and the precipitation of trapped

of physical parameters. The results confirm that precipi- electrons is described by a system of nonlinear differential

tation pulsations can be initiated by either an injection of equations [IDavidson and Chiu, 19861. T[he system coni
energetic trapped particles or anr increase in the plasma prises three equations: an equation describinig the evolo-

ionization density. Relaxation of the system results in tion of the total electron flux I JSchulz, 1971],
cyclic phase trajectories about a (quasi equilibrium) point
that is not located at the initial equilibrium point. That dIl DI)1 1
observation may explain the tendency of aurora] pulsa- + 4Ior I

tions to appear superimposed upon an increase in the di I+VD., I )

general rate of electron precipitation. The results also an equation describuinig tire evolution of the wave intenisity,
imply that precipitation pulsatiuns are most readily initi- as represented by the diffusion rate D 1Schulz, 197,11,
ated by an encounter of drifting energetic electrons with

a region of enhanced cold plasma density. dD _ (l I
-- D ( 2 v--} + 2

1. Introduction

The interaction between waves and trapped particles and an equation describing the evolutiott of the pitch-

in the magnetosphere is a key problem in magnetospheric angle anisotropy, as represented by thre wave growth rate

physics [Kennel and Petschck, 1966j whose basic elements -y IDavidson and Chiu, 19861,
are considered to be well understood. Hlowever, the corn-

plexity of a full treatment, based on first principles, of the d-1 f. I), - ) I 1dl)

diffusion of particles into the loss cone and the response dt -71r, 1 4+ L) r, I dt P

of waves to particle diffusion has restricted quantitative
studies to a handful of artificial situations [e.g., Irian et al., The subscript o dri',tes the vnlues of thbi varialIe pfkramol

19851. Other modelling applicationst for which a full treat- eters at the eriuiliblri mn point, where the ti m e derivatives

ment is needed are: the dvnamnic response of the radiation vanish. The physical param~eters are the strnmg ,lilhision

belts to injectionsii of cold plasma, kinetic modelling of the lifetime, r,, the wave loss or escape timue', T,.' thle wave
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0.-00) 04.1 1 -. hi13 - F1/T) (5)

/ the lower branch gives

//
- /i = IIi 2 - 2 D (6)

e - numerical designation of the roots of I? is tie same as

1 . in Davidson and Chiu 119861, in order of increasing I I.
0 --- Cyclic solutions are are found above somne critical dif.

to - 1 fusion rate, D = D. Above D* complex roots appear
0 0' in the characteristic equation, whose real and imaginary

o ,"' parts are

w IO W • t

U .- 2.3 i 2DIDf, + i WI2D. (7)

0.00%30 0.0000 The trauisition between the two types of solutions occurs

DIFOUSION RATI 1I I where the four roots meet, or, more precisely, at

Fig. 1. Solutions of the nonlinear equations for equi
librium diffusion rates (dimensionless) of D -0.06 and D f:'/ 24"/ . (8)

T = 0.l,started with a displacement to D = 2D 0 : v, D
projections. We concentrate on paramieLer regimes alpliropriate to

the outer trapping regions and the mioringside auroral

In Section 2 we describe the results of numerical com- regions. In the vicinity of D', the behavior becomes more

putations showing how the system responds to various regular toward either higher or lower values of D. For the

assumed initial perturbations, and the assumptions upon values of the parameters adopted by Davidson and Chiu

which the computations were based. Our conclusions are 119861, Y, n 240 s, f, 0 - , l0-, I, 11 1 - 100,

discussed in Section 3. the resulting pulsation period at D' is about 1.5 - 7 s,
which agrees well with the observed periods of pulsating

2. Results Of Numerical Computations aurorae IJohnstone, 1979, 1983[.

It has been found useful to reduce the number of pa- One of the other critical points is physically toninter-

rameters by scaling the solutions to the strong diffusion esting, because it corresponds to a vanishig total flux,

lifetime jDavidson and Chiu, 19861. The physical param- I = 0. The third critical point, at I(") -- 10, D(3)

eters are thus replaced by their dimensionless forms: DoI2"D + 1+ , "Y(3) - 0 is not a simple attractor. Al-
thoigh there is a possilbility that an internution between

D -Dor,/(I f Dor,), (4a) the first and third critical points could result in a strange

W W° = Dor.' (1/r. -
2 to) 0, (4b) attractor, the phase space trajectories for realistic sim-

-oT,,I (4c)

Tr/T. (4d) - -...00,

The behavior of a system of differential eqations de-
pends strongly on the location of the phase-space attrac-
tors or critical points Ieniider and Orszag, 19781. The

system of three first order equations (1-3) has three crit- '

ical points. The nonlinear equations are similar to a well I
known set, the Lorerz s)stemn lI.orenz, 19631 that has a -

strange attractor. It is therefore worthwhile tI iq'iire - a

whether any of the critical points in the present system

constitute a strange attractor. - 0 .

There is a simple critical point at the equilibrium val- ,

ues of j0) 0 -_, PolhI, and -y(') = -vs. All the phase 0

trajectories eventually spiral inward toward that point. .0

The most interesting solutions in that region are those for B I
which the linear analysis yields a characteristic frequency, ,,,

II, having a real part. Solutions for w hich Iill < I/ , can -- - J 0 0 L-: . ." "

b e ig no red b eca use they w ill no t lead to p ercep tib le ef- T ,11 A .i ,0 11 U 1 , S,' - I.. .

fects within realistic tiume scales. The linearized solutions Vig 2 S,,hitioin ,,I the rirllitirar equiati 1, I,,r an eili

for 11 at small values of I have two, branches %ith purely lihriui diftiqitrln rate I)IICO.killri .) of 1) I) 2, started

iiagillary i. The upper lbraich ligives for II SiWT with a lispllac(i-oIeIIt I,, 1) I1)
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0 000 I. 0. 19

I' 4k

< <~

z

2 W

I d l 1 0 ( b )( e-iiooooi 0 S 1. 1 0. 11

0 0. 00,19 0. 00085 0 0. 00081, - 1.8 0

DIFFUSION RATE TOTAL FLUX (1![l - ) DIFFUSION RATE (DID O -1 )ID L 0  00

Fig. 3. Sohition of" tile no)nlinear equiations for an equilibrium diffusion rate (dimensionless) of T = 0.5, started with
a displacement to -y -- 1.01"y0 (panels 1) and] c). Panel a shows a case with the same physical parameters, but starting
conditions similar to Figure 2. Th~e Innermost loops of the spirals are omitted ('or clarity; Lthe traiectories all eventual-
ly decay balk t, Lthe origin.

ulatin ns in the parameter regimes appropriate to morn- the results of Figures I and 2, panel 3a shows the phase
ingside aur-rar do no t approach the third critical point trajectory that would result from an initial displacement
closely ,,viogh that theyc,,uld he significantly influenced in I for the same physical parameters as panels b and
by it. c. Combinations of the two types of initial perturbation

FE'xamples ,,f the numerica! restilts are presented in Fig- yield trajectories that resemble the (1, D) projection of
tires I through 3. lHeyshowiprojections (,l'thephbase tra- Figure 2 and the (1), -') projection of Figure 3.
jectories on tile (1, P) and (/1), "1 ) planes. (T[he figures are
plotted to dimen~si,,nless scales to, ernphasize! the univer- 3. Conclusions

sality of (lie s,,I,,ti,,,s.) The figitres were constructed for The results of numerical solutions of the nonlinear dif-
tile parameter T,. = 10- ' ,  - In'3, TI -- 10. Those val- ferential equations, (I - 3), indicate general classes of
ties are physically realistic, and were chosen because they behavior (if waves and trapped electrons expected in the
prOVidlr Lthe 1,4"t easily visiialized trajectories. Figures 1, auroral regions and outer trapping regions. Trhey confirm
and 2 depict cases that start with a displacement along that cyclic solutions exist, and that cyclic solutions may
the I axis. A,, initial disp/acernient of I is equivalent to follow either an increase in the trapped electron density
a sitdrden inorcase in tile total energetic trapped parti. or an increase in the cold plasma density. Such solutions
cle i,,t-rnsity. '1I' {ic(, I0) projections are not presented in reproduce the gross features of aisroral pilsations inso-
F'igtre I b~eca,,se they are characterized by a rapid rise far as the electron precipitation rate is a reflection of the
followed by a iw'arly itonotonic decay, similar to the tra. diffusion rate, D.
jrctory in F~igure 2 Three cases are shown in order of Several interesting aspects of the detailed solutions
increasing vauis of !-. Tlhe trajectories are qualitatively could not have been predicted from the linear analysis.
similar to F~ig,,re 2 fior larger yahties of 1j. At the approach For diffusion rates higher than D'" an initial perturbation
to str,,ng diff,,s,,n, 1) - 1, the Spirals become too tightly in the total trapped flux is followed by spiral orbits about
wrapped to ro-prodce on the scale of the figuires, a point that is displaced from (10, I)0I, -yo). The periods

Iig,,re 3, p.,t'le 1) and c, bergins with art initial dirt- of those orbits are similar to the periods derived from the
placement roolited to the (1),"-y) plane. F~igijre 3 is in- linear analysis; the periods do not strongly depend on the
tended to repro sent a smdden increase in the plasma den- amplitude of the oscillations. The examples of Figure 1,
isity. The Aawc growth rate is pr,,portional to tire total with few or no complete pulsation cycles, are probably ap-
pt,,siria dcf'rsil ;Kerinel and P'rtst-hi'k, 19661, so such a propriate if) the radiation belts, where isolated precipita-
pert,,rhati,,ii (,,rrslpnds to a sdfhun chtange in -1, from tion "bursts" are occasionally seen ['lrefftli and Williams,
air eqilbri,,,, state having a relatively how value of ;r to 19791. As the diffusion rate is firther increased, in Fig-
a new state havi,,g an increased valor of -y. l1ecause the ure 2, the damping rate is diminished and the number
equilib~rium s,,Iltiios of (2) involve both 1) and -y, the of loops increases. The spiral phase trajectories do not
initial d,larv,,,rit intst be related to an initial value of enclose tile stable critical po~int, but tend to approach a
1) consi tent Aith t~e earlier equilibritim state. Thuis, for point that is located at larger values of D and -y. The ef-
a coitstarit H , I le viher if Po irl ea( I state 1111st be in- fect of the displacement or the "center" of the spirals is to
versr'ly Ipr,,lSrt ,,,ial to ('2", 1f/7,,,) For comparison with shift tile average diffiision rate so that the instantanect,,s
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Towards Dynamic Modeling of the Outer Electron Radiation Belt

Y. T. Chiu, M. A. Rinaldi, W. E. Francis and R. W. Nightingale

Lockheed Palo Alto Research Laboratory, California

Abstract

We show that the general solution of a simple form of the simultaneous bimodal (ra-

dial and pitch-angle) diffusion equation can represent the SCATHA outer belt electron

distribution to a high degree of accuracy for periods up to more than 10 hours. The

data representation requires diffusion parameters that are in agreement with all previous

experimental and theoretical determinations of such diffusion coefficients. Such a represen-

tation satisfies the basic requirements towards the dynamic modeling of the outer electron

radiation belts for L < 7 at quiet and moderate geomagnetic conditions. For L -- 7

the representation has difficulties with "butterfly" distributions that may signify energetic

electron encounters with the magnetopause. It is demonstrated with a typical example of

computer simulation of electron encounters with the magnetopause that the effects of the

encounter may be highly anisotropic in configuration or in invariant space.

1. Introduction

The variability of the electron fluxes in the outer radiation belt (L > 5) is not only

a matter of concern for space activities in the region but is also a major challenge to

understanding the macroscopic consequences of wave-particle interactions in the magne-

tosphere. Theories on the generation of plasma wave disturbances and on the scattering

of individual electrons by such waves exist; however, a systematic test of the integration

of such microscopic effects into a diffusion description of the global dynamics of the outer

electron radiation belt has yet to be attempted. To be sure, episodic work .e.g., Reagan et

al.. 1981: West et al., 1981: Sibeck et al., 19871 have established the plausibility of various

aspects of the diffusion description in some regions of space. On the global scale. even a de-

scription of the observational data organized according to the generic concepts of diffusion

theory does not presently exist. In anticipation to the upcoming Air Force-NASA Com-

bined Release and Radiation Effects Satellite (CRRES), we have initiated an attempt to

determine if diffusion theory can provide an adequately quantitative and computationally

efficient description of the behavior of the outer electron belt as observed by the SCATHA

satellite Chiu et al.. 1988: hereafter referred to as Paper I,. This attempt was not directed

towards the microphysics of wave-particle interaction theory; rather, it addressed a much

more primitive question: Were the observational data organizable in terms of simultaneous
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pitch-angle and radial diffusion theory, even in the restrictive context of piece-wise slices

of space-time as in satellite observations?

This work and the preceeding effort in Paper I are focused upon this central issue

of whether a computationally efficient dynamic model of the outer electron belt can be

constructed in principle, or not. The results of Paper I were encouraging in that solutions

of simultaneous bimodal (pitch-angle and radial) diffusion theory were shown to have the

potential to provide an efficient description of a SCATHA outer-belt electron data set

over the phase space volume: (5.3 < L < 6.7; At = 5 hrs.; 200 keV < E < 2000 keV;

a, < a < 900), where a is the pitch-angle, cic is the edge of the loss cone and E is the

energy. The description was achieved in essentially the initial pass without a systematic

fitting procedure. The diffusion parameters required happened to cluster around values in

agreement with those obtained by other workers. These initial results established plausibity

for the approach. However, to go beyond plausibility towards dynamic modeling of the

outer electron belt, a number of deficiencies of Paper I need to be addressed. Among these,

at least three major issues require attention if the bimodal diffusion approach to dynamic

modeling is to be pursued.

First, we must establish a systematic iterative procedure to achieve a fit of the data

consistent with all the constraints of the solution. This requirement involves not only

specification of the accuracy of the fit in four-dimensional phase space but also satisfaction

of diffusion parameter constraints imposed by bimodal theory. Second, the form of the

bimodal diffusion theory used was computationally efficient but its validity was recognized

to be restricted to a sufficiently thin slice of L-space [Walt, 1970>. Such a property is not

incompatible with dynamic modeling with a satellite data base since satellite data are nec-

essarily restricted in (L, t) space. Nevertheless, it is crucial to determine the observational

extent of L-space over which the version of bimodal diffusion theory is valid. Third and

most important, the degree of uniqueness of the data representation must be established

since dynamic modeling implies the projection of electron fluxes from measurements on

a satellite trajectory to other regions of phase space where direct measurements are not

available. Note that the solution representation of the theory is necessarily unique every-

where if the on-trajectory specification is unique. However, the data fit to the solution is

over a trajectory on which L and I are mixed; therefore., the on-trajectory specification

is not necessarily unique insofar as the separation of L and I effects are concerned. In

order to insure that our iterative procedure for untangling L and t effects does not alias
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the projection to other regions of space-time, we must at least demonstrate that our data

representation yields flux projections independent of the projection path.

In this paper, we shall address the above three issues. We shall demonstrate that

simultaneous bimodal diffusion theory is an efficient representation of SCATHA outer-belt

electron data in the configuration space range (5 < L < 7; At < 10 hrs.) for Day 165,

1980 and Day 110, 1979. Iterative procedures have been devised to improve the fit and to

satisfy diffusion parameter constraints that were not enforced in Paper I. The result is a

reduction of parameters (by - 15%) to achieve better fits over a much larger data base (by

- 100%). We are also able to demonstrate that fit errors do not impact the uniqueness of

off-trajectory flux projections based on the solution representation.

2. Constraints on Bimodal Diffusion Representation

in order to organize the discussion in this paper, we briefly summarize the salient

features of simultaneous bimodal diffusion theory [Walt, 1970; Filthammar and Walt, 1969;

Roederer and Schulz, 1969' and its specific form developed for efficient data representation

in Paper I.

By introducing an approximate invariant valid over a sufficiently thin slice of L-space,

Walt f1970 showed that the bimodal diffusion equation can be formulated in configuration

and pitch-angle coordinates (L, x, t) where x - cos a. Such a formulation is particularly

convenient for data applications because the coordinates are simple, although it needs to

be emphasized that its validity is restricted to slices in L-space, over which energy gained

or lost from radial diffusion does not impact Walt's invariant. In Paper I, we showed that if

the pitch-angle and radial diffusion coefficients, D,, and DLL, respectively, take on certain

generic forms
D : - D,:(E)

DLL --

where ki is a given constant, then the general solution to the bimodal diffusion equation can

be expanded in terms of eigenfunctions of various Bessel forms. This convenient property

forms our basic principle to characterize the state of the outer electron belt in a piecewise-

continuous fashion in terms of a data base measured along a satellite trajectory L(1).

The general solution consists of the linear sum of three modal expansions: (1) single-

mode pitch-angle diffusion. (2) single-mode radial diffusion and (3) simultaneous bi-modaJ
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diffusion. Using the device of the Kronecker delta 6 ,,0, the three modal expansions can be

written in terms of a single eigenfunction expansion

f' oka/~) En~iT +. nt/ far,(L) -, b,,Z,(LY)
f = +C (1-k. I (Cn(lioe + /'[a)

(2)

where k,, is the nh zero of the Bessel function J0 and zx = cos ac. The parameters and

functions are defined as follows:

f = 3(1 - 2)/(,- 2)

2

/ 1 3
cr 2 2 4 (3)

2

Y(L) =L o • [J, .( I/L\)]> [I,i fr , /LA)]< (4)

Zn(L) La . [N1 ,+(I f, 1/LA)]> • [K1 +,(I ,n I/L')'< (5)

J is the regular Bessel function, I and K are the modified Bessel functions, and N is the

Neumann function. The usual notation [9]> is defined in this case by

[g]> = g if t,>0

(6)

g] > = 1 if t,<0

and analogously for [gl<. The separation constants (tn,,3n) and parameters of the solution

are related by the algebraic relations

r (1 - o) - - - 9 2  (7)

-D 2: k2/X (8)

The parameter value A = 4 (i.e., u = 10) is chosen to conform with the consensual L-

dependence o1 the radial ditfusion coefficient [Schulz and Lanzerotti. 1974'. From Paper I

the parameter v is set to 2 (i.e., f = 0) for ease of computing the Bessel functions. Other

values of v are easily accommodated at the expense of computational speed. Our work so

far has demonstrated the economy of using v = 2, but further refinements can be readiliy
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accommodated in our procedure. Equation (7) will be referred to as the separation equation

because the entire separable diffusion differential equation is reduced by the eigenfunction

expansion into this constraint on the diffusion parameters. It is seen from (8) that the

single pitch-angle mode time constants are negative as expected, since single-mode pitch-

angle diffusion always leads to decay. For radial diffusion, however, the time constants

t,, can be either positive or negative over a finite time interval. This is due to the fact

that the phase space density in the finite L domain can rise or fall in time in response

to particle transport into and out of the adjacent volumes. With the sign of each t,, not

predetermined, the separation constant '82 can be positive or negative. This is the origin

of the (J.I) and (NK) options of (4) and (5).

When a data set is fitted to the general solution expansion exclusive of the separation

equation (7), the electron distribution function is characterized by the set of parameter-

(an . bn. c,. t,-rn, 3,). In Paper I it was found that five orders o rigcnfunctions (n =0-4)

per energy channel, i.e., 30 parameters per energy channel, are sufficient to characterize

a data base of 5040 data points. For this paper, we include the effects of the separation

equation (7) in constraining the diffusion parameters (rn,r,,). Note that the diffusion

parameter is independent of order n, whereas the others are order dependent. In Paper I,

-r, and 8, were independently derived from the fit and (7) was not imposed. No iterations

were made and a value of 4 was determined for each order from (7), i.e. a set of 4,. It was

found that these order-dependent values of 4 clustered closely around those determined

by other workers, an indication that the representation is reasonable. Here we use the

constraint (7) as the focus for an iterative fitting scheme in determining the best order-

independent value of . Since (7) is imposed, (7,,4) and , are no longer independent,

thus the number of required parameters per energy channel is reduced by 4 in this work.

The iteration also improves the fit to the data set.

3. Iterative Fit of Data Sets

The process of fitting a data set to the representation begins with decomposing the

electron distribution functions into pitch-angle eigenfunctions and their amplitudes. We

have demonstrated in Paper I that this procedure is highly accurate. We shall focus

our discussion upon the decomposition of the pitch-angle amplitudes into eigenfunction

expansions in L.

We have devised a nonlinear fitting procedure keyed to the iterative determination of
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the order-independent radial diffusion parameter in the separation equation (7). In the

first pass, the procedure described in Paper I is applied and the separation equation (7)

is solved for each order, resulting in a set of order-dependent parameters ,. Iterations

begin with the choice of an interim mean value = (,) where the averaging is weighed by

the eigenfunction amplitudes (an, b,). The interim value ( is enforced in (7) to determine

new values of the parameters , in a new fit. With the new parameters, a new set of

,, is determined by solving (7) exactly and another iteration cycle begins. The iterative

procedure continues until the residual error in the equality between the left and right hand

side of (7) can no longer be improved upon. The final value of is taken to be the fit value

of the diffusion parameter. This is a nonlinear iterative procedure; therefore, there is no

a priori guarantee that it is convergent. In practice, it converges because the set of , in

the first pass is closely clustered to begin with. Figure 1 shows an example of the degree

to which the constraint (7) is obeyed by the initial and final iterations of the procedure.

The iterative scheme has been applied to - 4 hours of SCATHA electron belt data

for Day 165, 1980 and to -- 9 hours of data for Day 110, 1979. Figures 2 and 3 show three-

dimensional plots of the data and the fit reconstructions for these two days, respectively. It

should be noted that reconstruction errors for both days are primarily concentrated in the

high-L and a -,- 900 region. We found that this region is rich in "butterfly" distributions

[Sibeck et al., 1987]. These will be discussed in more detail in Section 5 below. Figures

4 and 5 show the distributions of the fit errors for each data point in the initial and final

passes of the iterations for the two days, respectively. The data points associated with the

large-error tail of the error distributions, less than 1000 data points in each data set, are

again related to "butterfly" distributions, although a substantial portion of the large fit

errors are also contributed to by some noisy data in the data base. Unsmoothed raw data

is used to tally the percentage error in these figures. Figure 6 shows the comparison of

radial diffusion coefficients determined in this work with all other known observational and

theoretical determinations. The mottled band of DLL values in the figure corresponds to

this work. The spread of the band is due to energy dependence of the diffusion coefficient.

The larger cross-hatched band of DLL values was determined in Paper I and is due not

only to the spread of energy channels but also primarily to the dependence of on order.

It is seen that our enforcement of (7) allows for a much more precise determination of the

radial diffusion coefficient. Energy dependence is not always addressed in other work.

4. Off-Trajectory Projection of Electron Distributions
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For a data repesentation scheme to qualify as a dynamic modeling scheme, it must

demonstrate the ability to uniquely predict (or obtain by projection), the off-trajectory

electron distributions, from a set of on-trajectory electron distributions. The use of the

general solution to bimodal diffusion theory yields a naturally unique off-trajectory projec-

tion within the limitations of the assumed physics. Whether the assumed physics correctly

describe the actual processes prevailing in the particular region of the outer electron belt

is a separate issue to be discussed in Section 5. Within the scope of diffusion theory, if

the on-trajectory representation is exact, the projection to any off-trajectory point is also

independent of path because the solution is uniquely specified everywhere that it is valid.

Since the on-trajectory representation is not given a priori (but given as a fit based on

a data set that mixes L and t), an important question arises: Can the fit errors due to

aliasing L and t destroy the uniqueness of the projection by making it path dependent?

We have investigated this problem of projection consistency (or path dependence)

for our representation by projecting to an off-trajectory point from two well-separated

on-trajectory points: one having the tame L and the other having the same t as the off-

trajectory point. The projection paths are thus along the t and the L axes, respectively.

Figure 7 shows the results of such a uniqueness test for Day 110, 1979. The projection

in our representation is indeed path independent. This test clears a hurdle for using the

bimodal diffusion solution for outer-belt dynamic modeling, since it demonstrates that

uniqueness is not destroyed by the fit errors. It must be noted that this is only an internal

consistency test, not a validity test that diffusion theory correctly describes the prevailing

physics of the outer belt. A validity test requires data sets from more than one satellite.

A valid dynamic model should be able to "predict" one satellite data set from the solution

fit to the other satellite's data set, and vice versa.

5. Effects of Drastic Violations of the Third Invariant

We have repeatedly stated from the outset that the validity of the forn. of simultaneous

bimodal diffusion theory chosen for this study is very severely limited, particularly in

regions of the outer electron belt at L > 7. The first limitation is that Walt's invariant

,1970' remains so only within a limited slice of L. This property of piecewise invariance is

exploited as much as possible in our application in the region 5 < L < 7, but there must be

constraints to the exploitation. In the stable regions of the outer belt at L < 5. we do not

see any reason why the application of the representation will be different from that shown

here. although it is necessary to test it with another satellite data set because SCATHA
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does not cover that region. For L > 6, we sometimes encounter difficulties with "butterfly"

pitch-angle distributions. We recognized at the outset that an important factor limiting

the validity of the representation is the effects of third invariant violations that may or

may not be describable in terms of diffusion. Such effects can be due to severe magnetic

or electric shell splitting or to encounters with the magnetopause. In such encounters,

the electron distribution on a given L-shell can be changed catastrophically. Since such

third-invariant violating effects are deemed to be most effective at the equatorial region, it

is usually assumed that their signature is a loss to the drift shell of equatorially mirroring

particles (those with - 900 pitch angle) leading to the so-called "butterfly" distributions

[West, 1979: Sibeck et al., 1987]. Such an expectation seems reasonable as far as the

pitch-angle distribution is concerned; however, the transport in the configuration part of

phase space is a matter that has not been investigated beyond the expectation that the

third invariant is drastically violated.

Since our representation is not expected to be valid for describing such drastic viola-

tions of the third invariant, the inclusion of such distribution functions in our data base

incurs large errors in the representation. These constitute a part of the large-error tail of

the error distributions shown in Figures 4 and 5. The successful treatment of the "butter-

fly" events constitutes the remaining hurdle towards dynamic outer electron belt modeling.

The solution to this important problem is beyond the scope of this brief report but we

shall address some salient points here. An initial reaction to the failure of the simple form

of radial diffuion used is to assume that another form of radial diffusion, perhaps in third

invariant coordinates, may be a better description of the physics involved in "butterflies".

Such may indeed be the case, but a more primitive question needs to be considered first:

Are encounters involving drastic violations of the third invariant necessarily diffusive in

the configuration part of phase space?

In order to answer this and related questions, we have initiated computer simulations

of energetic electron encounters with magnetopauses in realistic geomagnetic field models.

Figure 8 shows the encounter of a 10 MeV electron with a non-turbulent paraboloidal

magnetopause [Stern, 1985 in the configuration of a Tsyganenko '1987 field model. The

magnetic field magnitude drops by 30 nT across the magnetopause at the sub-solar point.

The field configuration outside merges smoothly into a uniform southward inte,'planetary

configuration. Figure 8 shows the projection of the three-dimensional electron trajectory

onto the equatorial plane. The important feature of this magnetopause encounter is that
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the electron executes trapped bounce motion occasionally on inward field lines and, in

between bounces, it skips along the equatorial regions sometimes inward and sometimes

outward of the magnetopause boundary; i.e., there is little evidence of scatter perpendicu-

lar to the boundary. The electron trajectory shown on Figure 8 is one example in a Monte

Carlo simulation of encounters with a smooth magnetopause in which all scatterings seem

to be directed along the boundary, even though individual trajectories differ in the amount

of residence time inside or outside of the boundary surface, depending on their pitch an-

gle and gyration phases as they encounter the boundary. Such anisotropic scatterings in

encounters with the magnetopause can hardly be described in simple terms of isotropic

diffusion, in invariant coordinates or otherwise. The encounter effects are somewhat more

isotropic in configuration space if the magnetopause is not smooth, but the anisotropy will

remain since the average magnetic field is non-zelo both inside and outside. Clearly the

equatorial skippings are likely to lead to enhanced pitch-angle diffusion; however, pitch-

angle diffusion cannot produce a "butterfly" population. On the other hand, skippings

along the equatorial magnetopause, which cuts through many L-sheils, clearly constitute

transport in L and, consequently, violation of the third invariant, as expected. The loss

to a given L-shell of electrons, which skip to a different L-shell along the equatorial mag-

netopause, will clearly produce a "butterfly" distribution. The surprising feature of the

simulation is that this transport in L is anisotropic in configuration space and can hardly

be considered diffusive. Based on computer simulations of magnetopause ercounters, the

"butterfly" distribution is but a superficial signature peculiar to the process in which vi-

olations of invariants occur with drastic anisotropy in configuration space. Further, the

channeling of electron motion provided by the sharp magnetic field gradient at the magne-

topause boundary surface indicates that it acts macroscopically as a scattering boundary

to outer-belt electrons, having simultaneously the properties of a sink to electrons ap-

proaching the boundary on given initial L-shells intercepting the magnetopause and of a

highly anisotropic source of electrons to L-shells intercepting the magnetopause inward of

the initial L-shell. In the non-turbulent magnetopause case. virtually no electrons wcrc

lost to interplanetary space. It appears that diffusion in invariant space is not the panacea

that cursory considerations make it out to be. Detailed results of the computer simulation

study will be published elsewhere.

6. Conclusions

By testing against a SCATHA electron data base, we have found a computationally
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practicable representation for the outer-belt electron distribution from the general solution

of a simple version of the simultaneous bimodal diffusion theory that satisfies the basic re-

quirements for outer-belt dynamic modeling inwards of L -,- 7. The representation fails to

characterize the small portion of outer-belt electron populations known as "butterfly" dis-

tributions. The nature of outer-radiation-belt electron encounters with the magnetopause

needs to be investigated beyond the superficial formation of "butterfly" pitch-angle dis-

tributions. In particular, the distribution of "butterflies" in configuration space can shed

light on the scattering processes in encounters with the magnetopause.
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Figure Captions

Figure 1. Values of the right hand side (RHS) and left hand side (LHS) of the separation

equation (7) are plotted as functions of order n for (a) the initial iteration and

(b) the final iteration. The equality is enforced as a fit constraint in this paper.

Note the large divergence at order 2 in the initial iteration.

Figure 2. Three-dimensional presentation of the phase space density of (a) the data base

and (b) its reconstitutions for the 288.5 keV channel of Day 165, 1980 in pitch

angle and L. Large errors are found primarily in the corner of (b) pertaining to

large L and large pitch angles. Noisy data near L - 5.7 also resulted in some

error.

Figure 3. Three-dimensional presentation of the phase space density of (a) the data base

and (b) its reconstitutions for the 448 keV channel of Day 110. 1979 in pitch

angle and L. As in Figure 2, the large errors are mainly confined to the corner

of (b) pertaining to large L and large pitch angles.

Figure 4. The distribution of fit percentage errors in the reconstitution of all the data

points in the Day 165, 1980 data base. The error distributions of the initia'

and final iterations are shown as dots and asterisks, respectively.

Figure 5. Same as Figure 4 except the ,13istribution is for the Day 110, 1979 data base.

Figure 6. Comparison of the radial diffusion coefficients determined in this paper for th,

energy range 0.2-2.0 keV (mottled area) with Paper I (cross-hatched area).and

with the compilation of West et al. 1981. whose individual analysis vield.

curve 1. (urves 2-8 are experimental: 2.Tomassian et al. '1972>: 3, Farley

1969 : 4. N .kirk and Walt 1968b. 5. Lanzerozti et al. '1970., 6. Newkirk and

Walt 1968b. Fii1tharrmar 1970 : 7. Newkirk and Walt '1968a,: 8. Kavanaugh

968 ('urve.s (4-1.1 are theuretica': or semi-theoretical: 9. Nakada and Mead

1965 1. 'I ver!kov 1965: 11. Birmingham 1969 : 12. 13. Cornwall 1968': 14.

tt,,izvr 1. arid M,,zer 1979

Figure 7. Demonrira-,ion of path independence in projecting the electron distributioIIs

from ,>n-trajectory to off-trajectory points. Panels A and B are measured

and fiited phase space distributions at the tra jectrv ]h)cations shown oi the'
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SCATHA trajectory panel. Using the eigenfunction representation, the distri-

butions are projected along the t and L axes respectively to the off-trajectory

point C. The comparison of the two projected distributions is shown on Panel

C.

Figure 8. Projection on the equatorial plane of the trajectory of a 10 MeV electron as

it makes encounters with the non-turbulent magnetopause indicated by the

parabola. The electron is initially bouncing and drifting towards the magne-

topause on an L-shell inside the magnetosphere. Upon encounter, the electron

leaves the initial L-shell skips along the equatorial magnetopause partially in-

side and partially outside of the magnetosphere until it finds itself on a new

magnetospheric L-shell on which it executes its regular bounce-drift motion.
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